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— 3HaeTe 4TO, MHABIH ApamMuc? — cKaldaa A'ApTaHbsSH, HEeHaBHAEBIIUNH CTHUXH
IIOYTH TaK >XK€ CHABHO, KaK AaThIHb. — A00aBbTe K AOCTOHMHCTBY TPYAHOCTH
AOCTOMHCTBO KPATKOCTH, W BBl CMOXXKeTe ObITh YBEPEHBI B TOM, UTO Ballla IT03Ma
OyAeT UMeTh HUKAK He MeHee ABYX AOCTOHMHCTB.

Pazpen 1. Khaccuyeckasi BEPOSITHOCTHas cxeMa

1.1 OcHoBHBIE (POPMYABI KOMOMHATOPUKH

B AaHHOM pasapese MBI 3aMeMCSI TOACUETOM YHCAA «ITaHCOB». O YMCAe IITaHCOB TOBOPST,
KOTr'Ad BO3MOJXHO HECKOABKO PA3AMYHBIX PE3YABTATOB Kakoro-Au0o AeﬁCTBI/IH (I/ISBAe‘leHI/Ie
KapThl M3 KOAOABI, IIOAOpachIBaHWE KyOWKa WAW MOHETKHU, ABYX KyOMKOB U T.p.). Yucao
IIaHCOB — 3TO YMCAO TAaKUX BO3MOJKHBIX PE3YABTATOB, MAU, WHAUe TOBOPS, YMCAO CIIOCOOOB
IIPOAEAATh 3TO AENCTBUE.

TeopeMa 0 mepeMHOXE€HHUU IIAHCOB

Teopema 1. [lycmb umeemcs k, k € N, rpynn saemenmoB, npuueMm i-s TPynna cogepxum
n; sAeMeHmoB, 1 < ¢ < k. BrlbepeMm u3 Kaxgoll rpynnbl no ogHomy sremenmy. Torga obwee
yucao N cnocob6oB, KOmMOpbIMU MOXXHO Npou3Becmu mMakol BblOOp, paBHsemcs
N=mn1-ng-... ng.

3ameyanue 1. B TeopeMe 1 cuuTaercs, 94TO A@Ke €CAM BCE IAEMEHTHI B ¢-U I'PyIIle Hepas-
AMUYUMEBI, BBIOpATh OAWH M3 HUX MOJKHO n; cnocobamu. [lpeacTaBuM pesysrsemam BBHIOOPA,

OIIMCaHHOTO B TeopeMe 1, B BuAe HaGopa (ai,...,ar), B KOTOPOM a; — BBIOpAHHBIN U3 -1
TPYIIBl 9AeMeHT. Toraa oblllee YHMCAO Pa3AMYHBIX HAOOPOB (ai,...,a)) TaK)Ke paBHIETCS
N=nji-ng-... -ng.

AoOKa3aTeAbCTBO TeopeMsl 1.

3a"HyMepyeM BSAeMEHTHI ¢-M TPyNIBl YucAaMHu OT 1 A0
1 n;. OAEeMEeHT W3 IIepBOM TI'PYNIIBI MOJKHO BBIOPATH 11
criocobamu. Ecau MBI BBIOpaau saeMeHT j, 1 < j <
N1, TO BEIOPATh 3A€MEHT U3 BTOPOU T'PYIIIBI MBI MOJKEM
ng cnocobamu. IToaydaeM, 4TO C EPBBIM DAEMEHTOM j
BO3MOYKHO COCTaBUTb ng map (j,1), rae 1 <1 < no.
Ho cToABKO Ke mmap MOKHO COCTaBUTH U C AIOOBIM APY-
TM 3JA€MEeHTOM IIepBOM rpymnnbl. Toraa Bcero map, B
ns KOTOPEIX IIEPBBIM 3A€MEeHT BBIOPAH U3 IIEPBOM T'PYIIIEI,
a BTOPOU — U3 BTOPOM, CYIIECTBYET POBHO N - Na.

VHaue rosops, eCTb mp - N2 CHOCOOOB BBIOPATh II0 OAHOMY 3AE€MEHTY M3 IIEPBBIX ABYX
rpymm. Bo3bMeM OpHY Takyto mapy (7,0). 3amMeTum, 94TO SAEMEHT U3 TPEeThbel TPYIITBI MOKHO
BBEIOpATh n3 Coco6aMiu, TO €CTh BO3MOKHO COCTaBUTH POBHO n3 TPoek (7,0, m), A0GaBAsIs K
AaHHOU mape (7,1) AF060M U3 ng SAEMEHTOB TPETheN I'PYIIIIHL.

Ho cTOABKO ’Ke TpOeK MO>KHO COCTaBUTb U C AIOOOM Apyrou mapo# (j,l). Torpa Bcero
TPO€EK, B KOTOPHIX NEPBHIM 3A€MEHT BHEIOpPAH M3 IIE€PBOM TPYHIBEl, BTOPOM — M3 BTOPOY, a
TPeTUM — U3 TpeTbel, CYyLIeCTBYeT POBHO 1 - Ng - N3.

[MTpoporKast pacCcyKAeHUS, METOAOM MaTeMaTHueCKONM MHAYKIIUU 3aKAI0YaeM CIIPaBEAAN-
BOCTb YTBEPKAEHUS TEOPEMBL. O

Vnpaskaenue 1. ChOpMyAHMPOBAThH IPEATIOAOKEHNE MHAYKIIMH U AOKa3aTh WHAYKITMOH-
HBIN Ilepexop oT k — 1 K k.




VpHBI 1 IapuKu

Ectp ypHa (TO eCcTh 4IIUK), copeprKallas N 3aHYMEPOBAHHBIX OOBEKTOB, KOTOPBIE MBI
0e3 orpaHUYeHUsI OOUTHOCTH OYAEM CUMTATh ITapuKaMW. MElI BbIOUpaeM M3 3TOU YpHHI k
1apukoB. Hac umHTepecyeT, CKOABKMMHU CIIOCOOaMHM MOJKHO BBIOpaTh k IIapUKOB U3 N, UAU
CKO/IbKO PAa3/uYHbIX pe3ynbmamoB (ToO eCTb HaOOPOB, COCTOSAIIUX U3 k IIapUKOB) IMOAYYHUTCH.

Ha sTOoT BOmpoc HeAb3sI AQTh OAHO3HAUHBLIM OTBET, ITOKa MBI HE ONPEAEAUMCH
a) c TeM, KaK OPraHM30BaH BBEIOOD (CKa>XeM, MOKHO AU LIapUKU BO3BpalllaTh B YPHY), U
0) C TeM, U4TO IIOHMUMAETCS II0A PA3/AUYHbIMU PE3YABTATaMU BBEIOOpPA.

PaccMmoTpuM caepyromire BO3MOKHBIE CXEMBI BBIOOpA:

1. BbIOOp C BO3BpallleHUEM: Ka’KABIM BBIOPAHHBINU IIAPUK BO3BPAIAETCA B YPHY, TO €CThb
Ka’KABIM U3 k IIIapUKOB BBIOMpAEeTCd M3 IIOAHOW YPHEL. B moAaydeHHOM Habope, COCTO-
a1eM U3 k HOMepOB IIapUKOB, MOTYT BCTPEUYaThCS OAHU U Te >Xe HoMmepa (Be/6opka ¢
noBmopeHnusmu).

2. BriOop 0Oe3 BO3BpallleHMd: BHIOpAHHBIE LIAPUKHU B YPHY He BO3BPAIAIOTCH, U B IIOAY-
YeHHOM Habope He MOTYT BCTPeUYaThCsI OAHM U Te ke HoMepa (Bb/bopka 6e3 noBmopeHud).

M B TOM, 1 B ADYTOM CAydYae pPe3yAbTaTOM BbIOOpA SBAdETCSI HAOOp U3 kK HOMEpPOB IlIa-
PHKOB. YAOOHO CYUUTATh, YTO IIIAPUKU BCErAd BLIOMPAIOTCSA IIOCAEAOBATEABHO, II0O OAHOMY (C
BO3BpallleHHueM UAM Oe3). YCAOBUMCH, KAKMe PE3YABTATHI MBI OyAeM CUUTAThH PA3IUYHbIMU.
EcTb pOBHO ABe BO3MOKHOCTH.

1. BriGop c y4ueToM MOpSiAKa: ABa Habopa HOMEPOB IIAPUKOB CUUTAIOTCS PA3AMYHBIMH,
€CAY OHM OTAWYAIOTCSI COCTaBOM MAU MOPSIAKOM HOMepoB. Tak, mpu BBIGOpe Tpex Iiia-
PUKOB U3 YPHBI, COAeprKallleli 5 napukos, Habopst (1,5,2), (2,5,1) u (4,4,5) pasAudHbI,
€CAU TIPOU3BOAUTCS Bb/60p C yyemom nopsoka.

2. BniOop 6e3 ydeTa mopspKa: ABa Habopa HOMEpPOB IIapUKOB CUHUTAIOTCSI Pa3AWYHBIMU,
€CAM OHU OTAMYAIOTCS COCcTaBOM. HaGophI, OTAMYATIOITHUECS AU TTOPSIAKOM CAEAOBAHUS
HOMEPOB, CYUTAIOTCS OAMHAKOBBIMU. Tak, B IpUMepe BHIIIe epBhie ABa Habopa (1, 5,2)
u (2,5,1) eCcTb OAMH M TOT K€ pe3yAbTaT BbIOOpa, a Habop (4,4,5) — APYro¥ pe3yAbTar
BBIOOpA.

IMoacuuTaeM Tellepb, CKOABKO K€ BO3MOJKHO PA3sAUYHBIX PE3YAbTATOB IIPH Ka’KAOW U3
JeThIpeX CXeM (BBIOOD C BO3BpallleHHeM U 0e3, B B Ka’KAOM M3 3TUX CAy4YaeB YUUTHIBAEM AU
MBI TIOPSIAOK WIAM HET).

YpHoBas cxeMma: BbIOOp 0e3 BO3BpallleHus], C Y4eTOM IopsipAKa

Teopema 2. Ob6wee KoAuuecmBoO BbIOOPOK B cxeMe BblOopa k saremeHmoB u3 n 6e3 BO3BpA-
WleHUsl U ¢ yuemoM nopsgka onpegeasiemcsi popmMyAoli

n!

Ak:n(n—l)-...'(n*k+1):m

n

k
u HAa3sblBaemecs 4ucsiom pG3Meu46HUL7 uz n 3nemeHmoB no k 3nemeHmoB.

AoKazaTeabcTBO. [lepBEBIM MIapUK MOKHO BEIOpAaTh n criocobaMu. [Ipm Ka>kpoM M3 3THX
CII0COOOB BTOPOM MIAapWUK MOYKHO BEIOpaTh n — 1 crocobom, u T.A. [locrepruit k-# mapuk
MOJKHO BHIOpaTh 1 — k + 1 cmocobom. [To Teopeme 1, obirtee arcA0 cmOoco60OB BHIOOPA PaBHO
n-(n—1)-...-(n—k+1), uTo 1 TpeGOBAAOCH AOKA3aTh. O

ChaepctBue 1. YHucao BO3MOXKHBIX NepecmMAHOBOK MHOXKECMBA U3 1 SAeMeHMOB ecnb n!

A0OKa3aTeAbCTBO OYEBHUAHO, €CAU 3aMEeTUTh, YTO IepecTaHOBKA €CTh He YTO MHOE, KakK
pes3yAbTaT BEIOOpa 6e3 BO3BpAIlleHUS U C YUYETOM IOPsSAKa BCEX N SAeMEeHTOB U3 n. Tak 4To
o0I1ee YNCAO ITepecTaHoOBOK paBHO Al = n! O




YpHoBas cxeMma: BbIOOp 0e3 BO3BpallleHUs U 0e3 yuyeTa MOpsAKa

Teopema 3. Oob6uwee KoAuuecmBo BbIOOPOK B cxeMme BblOopa k aremeHmoB u3 n 6e3 BO3BpA-
wenusa u 6e3 yuema nopsagka onpegeasemcsa ¢popmyaou

ok _ A_ﬁ _ n!
"k Kl(n—k)!

U HQA3bIBAEMCS YUCAOM codemarull uz n 3nemeHmoB no k 3nemerHmoB.

AoKazaTeAbCTBO. 3aMeTHUM, YTO, COTAACHO CAEACTBUIO 1, M3 Ka>KAOU BBEIOOPKU AQHHOTO
cocTaBa (cocTosInel nu3 k SAeMeHTOB) MOKHO 00pa3oBaTh k! BEIOOPOK, OTAMYAIOIIUXCS APYT
OT APyra TOABKO IIOPSIAKOM 3A€MEHTOB.

To ecTb YMCAO BHIOOPOK, PA3ANYAIOIINXCS ellle W MOPSIAKOM, B k! pa3 GoAbllle, 4eM YHUCAO
BBEIOOPOK, Pa3AMYAaIONINXCSI TOABKO COCTaBOM. [lopeAmnB AfL Ha k!, IIOAYyYUM yTBEep >KAEHHE

TEOPEMHI.
O

YpHoBasi cxema: BbIOOP C BO3BpallleHHEM U C y4eTOM MOPSAKa

Teopema 4. Ob6uiee KoAuuecmBO BblOOPOK B cxeMe BblOOpa k 5AeMeHmoOB u3 m C BO3BpPA-
WeHUEeM U C yuemoM NopAagka onpegeasemcs popmMyaol

AokazaTeAbCcTBO. [lepBBIM MIapUK MOKHO BBIOpaTh n criocobamMu. [Ipu Ka>kAOM M3 DTUX
CII0cOO0B BTOPOM IIapPUK MOKHO BBIOPATL TaK’Ke 7 CIIocobaMH, M Tak k pas. ]

YpHoBas cxema: BBIOOP C BO3BpallleHueM U 0e3 yueTa MOpsAKa

PaccmoTpuMm ypHY € AByMS HIapUKaMU U IePEeYNCAUM Pe3yABTaThl BEIOOPA ABYX IIIapPUKOB U3
5TOU YPHEI IIPU BEIOOpPE C BO3BpAllleHUEM:

3ameTuM, 4TO B cxeMe «0e3 ydeTa IMOpSIAKa»

C y4eToM MopsiAKa | 6e3 yuera NopsAKa MOAYYUAOCH 3 PAa3AMYHBLIX Pe3yAbTaTa B OTAH-
(1.1) (11) 4pe OT YeTHIpeX B CXeMe «C y4eTOM MOPSIAKA»
(2.2) (2.2) (4MCcAO 4 BO3HMKAeT W COTAACHO Teopeme 4);
(1,2) U UTO HUKAKUM ACACHHMEM Ha «IMCAO KAaKHX-
(2,1) o2 HUOYAB IePeCTaHOBOK» YUCAO 3 U3 4 TIOAYYUTh

He yAAQCTCA.
Teopema 5. Ob6uiee KoAuuecmBO BblOOPOK B cXeMe BblOOpA k 5AeMeHmOB u3 m C BO3BpPA-
ujeHueM u 6e3 yuema nopsagka onpegeasiemcsa ¢popmyaou
k _ ,m—1
C?H-/C—l - Cn-‘rk—l'
Vnpakaenue 2. [lpoBeputh, 4To Ipu n = 2 U k = 2 IIOAyYaeTCs POBHO 3.

AoKazaTeAbCcTBO. PaccMOTpUM ITOAPOOHO, 4eM OTAMYAIOTCSA APYTI OT Apyra ABa Pa3HBIX
pe3yAbTaTa TaKOM CXeMBI BEIOOpA.
Ham He BaskeH MOPSAAOK HOMEPOB, TO €CThb MBI YUUTHIBAEM TOABKO, CKOABKO pa3 B HallleM

Habope M3 k HOMepOB IIAPUKOB MOSIBUACSA IIapUK HOMep 1, ImIapuK HOMep 2, ..., IIapuK
HoMep n. To eCTb pe3yAbTaT BBIOOpa MOJKHO IPEACTaBUTL HAOOpOM umcea ki, ka, ..., kp, B
KOTOPOM k; — UHCAO TIOSBAEHUM IlTapuKa HOMEp ¢ B BBIOOPKe, u ki + ... + k, = k. Ywmcaa

k; npunumaroT 3Havenus u3 N U {0}. Tlpu 3ToM ABa pe3yAbTaTa dKCIEepUMEHTa Pa3sAUYHEL,




€CAU COOTBETCTBYIOIINE UM HAOOPHI ki, ko, ... ,k, He COBHAAQIOT (IPW 3TOM YUYUTBHIBAETCHA U
TIOPSIAOK IAEMEHTOB).

[MpeacTaBuM cebe APYTOM SKCIEPUMEHT, UMEIONIUM TOYHO TaKue >Ke Pe3yAbTaThl (U, CAe-
AOBaTEeABHO, UX CTOABKO JKe). EcTb n AIUKOB, B KOTOPHIX pasMelaeTcs k IapukoB. Hac
UHTEepeCyeT TOABKO KOAUYECMBO WAPUKOB B KAXKgoM awjuke. To eCTb Pe3yAbBTATOM 3KCIIEPHU-
MeHTa CHOBa siBAsieTcs Habop umcea ki, ks, ..., k,, B KOTOPOM k; — UHCAO IIapPUKOB B SIUKE
c HOMepoM ¢, u k1 +. ..+ k, = k. Hucaa k; mo-nipe>xHeMy IPUHUMAIOT HaTypaAbHbBIe 3HAUEHUS
uAmM paBHEHI 0.

A Tenepbs nM300pa3uM pPe3yAbTAT TAKOTO pa3MellleHUs B BUAE CXEMBbI, B KOTOPOU BEPTH-
KaAbHBIE AWHUU O003HAUYAIOT IIEPETOPOAKM MEKAY FAIIMKaMHU, a KPY’KKU — HaXOAJIINeCs B
SIIMKaX IIapUKN:

MBI BUAMIM Pe3YABTAT pa3MelleHusd 9 IIapuKOB MO 7 AIUKaM. 3AeCh 1-U AIUK COAEpP’KUT 3
1IapUKa, 2-U U 6-1 AIUKU IYCTHI, 3-U AWK COAep>XUT | mapuk, U B 4-M U 5-M dIIUKaX ecTb
no 2 mapuka. [lepero’kuM OAUH IIapuK W3 MEePBOTO SAIMKAa BO BTOPOU U M300pa3uM TaKUM
>Ke 00pa3oM ellle OAUH pe3yAbTaT pa3MeleHusd:

o |. U ertie opuH: HHH

BuauM, 4TO BCe pas3MelleHUs MOJKHO IIOAYYMTh, MEHSAS MeKAy COOOM IIapUKWU U Iepe-
TOPOAKM, UAM PACCTaBAdd k IIAapuUKOB Ha n—1+k MecTe. Uucao n—1+k moaydaeTcd Tak: y
n JdIIUKOB eCTh POBHO n+1 Ieperopopka, cumrasd KpanHue, UAU n—1 IIeperopopka, eCAu He
CUMTaThH KpalHWe, KOTOPhie ABUTATh HeAB3s. U ecTh k mapukoB. [lepeOGpaB Bce BO3MOIKHBIE
CIIOCOOBI PacCTaBUTH k IIAPUKOB Ha 3THX n—1+4+k MecTax (M cTaBgd Ha OCTaBlIMecs MecCTa
IIEpPETOPOAKH), ITepebepeM BCe Hy KHBIE pa3MelleHUs.

Ho crmmoco60B paccTaBUTH k IMTapuUKOB Ha n—1+k MecTax poBHO Cs_l 4) — 9TO B TOYHOCTH
YUCAO CHOCOOOB BHIOpaTh M3 n—1+k HOMepoB MecT kK HOMEpPOB MecT (06e3 ydeTa MOpsAKa
u 0e3 BO3BpallleHUs), Ha KOTOpble HY>KHO IIOMECTUTH LIaPUKHU. 3aMeTUM, YTO PaBEHCTBO
ij ko1 = CZ;;_l BEPHO KakK II0 OIPEAEAeHUIO0 OMHOMUAABHBIX KO3((PUIUEHTOB WAU CBOU-
CTBaM TpPeyTOAbHUKaA [lackandg, Tak U B CHAY TOTO, UTO MOKHO BMeCmO BBIOOpA k MeCT AAA
IIapUKOB BLIOUPATH n—1 MECTO AAS TIEPErOPOAOK SAITUKOB, 3aIIOAHSS IITapUKaAMU OCTaBIITUECST
MecCTa.

O




1.2 OcCHOBHBIE MTOHSTHS SAE€MEHTAPHONW TEOPUH BEPOSITHOCTEM
IIpeaMeT Teopuu BeposiTHOCTel. CtaTucTUYecKasi yCTOMYUBOCTD.

Teopusi BepoATHOCTeN H3ydaeT 3aKOHOMEPHOCTH, BO3HHUKAIOIINE B CAYYaMHBIX 3KCIIe-
puMeHTax (9BAeHUAX). CAydYaWHBIM HA3BIBAIOT 3KCIIEPUMEHT, PE3YABTAT KOTOPOTO HEAb3Sd
IIpeACKas3aTh 3apaHee. HeBO3MOKHOCTb IIpeACKa3aTh 3apaHee — OCHOBHOE, UTO OTAHWYaeT
cayyaiiHoe IBAEHUE OT 0emepMmMuHupoBaHHO2O.

He Bce cayualiHble IBA€HUSA (3KCIIEPUMEHTHI) MOJKHO M3y4aTbh METOAAMU TEOPUU BEPOST-
HOCTeH, a AWML Te, KOTOPble MOT'YT OBITH BOCIPOM3BEAEHBI B OAHUX U TeX >Ke€ YCAOBUSX U
00A3AAIOT (HEMOHATHO KakK IIPOBepgeMbIM 3apaHee) CBOMCTBOM «CTATUCTUYECKON yCTOWYUBO-
CTU»: eCAu A — HEeKOTOpoe COOBITHE, MOTYIIlee IPOU30UTH UAU He IIPON30OUTH B pe3yAbTaTe
9KCIepUMEHTa, TO AOASL n(A)/n 4MCAa SKCIEPUMEHTOB, B KOTOPBIX AQHHOE COOBITHE IIPO-
U30IIAO, UMeeT TeHAEHIINIO CTaOUAU3UPOBATECA C POCTOM OOIIETO YHCAA 3KCIIEPUMEHTOB N,
IpUOAMIKASACH K HEKOTOPOMY YHCAY P(A). 3TO YMCAO CAYRUT OOBEKTUBHOMN XapaKTepPUCTH-
KOM «CTeleHW BO3MOXXHOCTU» COOBLITUIO A IIPOU30UTH.

B aAanpHelIeM MBI OyA€M TOBOPUTH AWIIL O CAYYAMHBIX 3KCIEPHMEHTaX, OOAAAQIOIIHUX
MAHHBIMU CBOMCTBAMH, @ CBOMCTBO CTaTUCTUUECKOM YCTOMYHUBOCTU AOKAa’KEM B YTBEPKAEHUH,
M3BECTHOM KaK 3aKOH OoablIMX umcen f. bepHyAan.

IIpocTpaHCTBO 3AeMEHTapHBIX UCX0A0B. Onepanuyu Hap, COOBITUSIMU

Omnpepenenue 1. [lpocmpaHcmBom snemeHmapHsixX ucxodoB () («dMera») Ha3bIBAETCS MHO-
KeCTBO, COAeprKalllee BCe BO3MOJKHBIE PE3YABTATHI AQHHOTO CAYYaMHOTO 3KCIIEPUMEHTa, U3
KOTOPBIX B 3KCIEPUMEHTEe MTPOUCXOAUT POBHO OAUH. DAEMEHThI 3TOTO MHOXKeCTBa Ha3bIBalOT
3/1eMEHMAPHBIMU UCX00amu ¥ 0603HAYAIOT OYKBOU w («OMera») ¢ MHAEKCAMU MAU 0e3.

Omnpepenrenne 2. Cobbimusmu MBI GyAeM Ha3bIBATh IIOAMHOJKECTBa MHOXKecTBa (). T'oBo-
pST, YTO B pe3yAbTaTe 3KCIIepUMeHTa npouzowno cobsimue A C (), ecAm B 3KCIEpPUMEHTE
MIPOU30IIIEeA OAVMH U3 SAEMEHTAPHBIX MCXOAOB, BXOAJAIINX B MHOXXECTBO A.

3ameuanue 2. BooOie roBops, MOKHO Ha3BaThb COOLITUSAMUM He 00S3aTEABHO BCE TIOA-
MHO>KeCTBa MHOXKeCTBa {), a AUIIb MHOXXeCTBa M3 HEKOTOPOTro Habopa moamMHOXKecTB. O
CMBICAE TaKOTO OTPAaHUUYEHUS MBI IOTOBOPUM IIO3AHEE.

ITpumep 1. OpuH pa3 HoAOPAacEIBAaETCS OAHA UrPAAbHAA Kocmb (KyOuWK). CaMBIA pasyM-
HBIN CITIOCOG 3aAaTh IPOCTPAHCTBO dAEMEHTApHBIX MCXOAOB TakoB: () = {1,2,3,4,5,6}, aae-
MeHTapHbIe UCXOABL 3AeCh COOTBETCTBYIOT YHCAY BBIIIABIINX OYKOB.

[Tpumepsl cobwrtuii: A = {1,2} — BBImaro opHO MAM ABa ouka; A = {1,3,5} — BBIIAAO
HEUYETHOE YMCAO OYKOB.

ITpumep 2. ABa pasa NOAOPACHIBAETCS OAHA UIDAAbHAA Kocmb (KyOuK). MAm, 4TO TO XKe
caMoe, OAVH pa3 IIOAOPAacHIBAIOTCS ABe UTIPaAbHBIe KOCTH. KaK MBI YBHAUM B A@AbHeHIIEM,
3A€Ch CaMBIM pa3yMHBIU CIOCOO 33AaTh IIPOCTPAHCTBO 3AEMEHTAPHBIX MCXOAOB — CUMTATh
PEe3yABTATOM 3KCIIEPUMEHTA YIIOPSAOUYEHHYIO Mapy 4uceA (i,j), B Koropou 1 <i,7 < 6 u i (j)
€CTh YMCAO OYKOB, BBHITIABIIUX NPU MepBOM (BTOpoMm) mopGpackiBanuu: 2 = {(i,j), rae 1 <
i,j < 6}

IlpuMepHl COOBITHN:

A=1{(1,2),(1,3),(1,4),(1,5),(1,6)} — npu nepBoM ITOAGPACEIBAHUH BHIIIAAO OAHO OYKO;
A={(1,1),(2,2),(3,3),(4,4),(5,5),(6,6)} — npu AByX MOAOpPACEIBAHUIX BHIIIAAO OAMHAKOBOE
YHCAO OYKOB.

ITpumep 3. Ha nmoBepXHOCTH CTOAA OpOcaeTcs MOHeTa. Pe3yAbTaTOM dKCIIepUMEHTa MOXK-
HO CUMTATh KOOPAMHATY IIeHTpa MOHETHI (@ €CAM HaM He Oe3pa3AnyeH YTOA IIOBOPOTAa MOHe-
ThI, TO MO>XKHO AOOAQBUTH U BEAMUYUHY 3TOTO yTAa). [IpoCcTpaHCTBO 3AeMeHTapHBIX UCXOAOB —




MHOJKECTBO TOYEK CTOAA (B BTOPOM CAy4ae — MHOXKeCTBO map {(z,¢)}, rae v € R? — Touka
crora u ¢ € [0,27) — yroa moBopoTa). YUCAO S3A€MEeHTapHBIX MCXOAOB TAKOTO IKCIEPUMEHTa
HEeCYeTHO.

ITpumep 4. MoHeTa mopAGpPackIBaeTCsI A0 TEX IIOP, ITIOKa He BHITIAAET BBepx repoom. [po-
CTPAHCTBO 3A€MEeHTapPHBIX MCXOAOB COCTOUT M3 OECKOHEYHOI'0, HO CUETHOT'O YKMCAA MCXOAOB!
Q = {r, pr, ppr, pppr, ppppr, pppppr, ...,}, TA€ p U I 0003HAUYAaIOT BLIIIAACHUE DPEeIlKU U
repba pu OAHOM MOAOpPAachIBaHNM, COOTBETCTBEHHO.

OmnpepeneHue 3.

1.  flocmoBepHsim HA3BIBAETCS COOBLITUE, KOTOPOE 0093aTEeABHO IPOUCXOAUT B Pe3yAbTaTe
SKCIEPUMEHTa, TO €CTh €AMHCTBEHHOE COOBITHE, BKAIOYAoIlee Bce 0e3 HCKAIOYEHUS
SAeMeHTapHbIe UCXOABI — cOOBITHE ().

2. HeBo3modcHbIM Ha3BIBAe€TCSI COOBITHE, KOTOPOe He MOJKET IIPOU30UTH B pe3yAbTaTe
9KCIIEPUMEHTa, TO €CThb COOBITHE, He CcOoAeprKallee HU OAHOTO SAEMEHTapHOTI'O KCXOAQ
(«mycTOe MHO>KeCTBO» ). 3aMeTHUM, 4To Bcerpa & C (2.

Omnpepenenue 4. Ilycts A u B — coObITUS.

1. O6veduneHuem AU B cobuituii A 1 B Ha3bIBaeTCsl COOBITHE, COCTOSIIee B TOM, UTO
IPOU30IIA0 AMO0 A, An6o B, Amb6o o6a coOBITHS OAHOBpeMeHHO. Ha si3bIke Teopuu
MHOXecTB AU B ecTb MHOJKECTBO, COAeprKalllee Kak dIAeMeHTapHble NCXOABI, BXOAMAIINe
B A, Tak M dAeMeHTapHbIe UCXOABI, BXOAALINE B B.

2. lTepeceveHuem A N B cobuituii A u B Ha3bIBaeTCsI COOBITHE, COCTOsIIee B TOM, 4TO
nmpou3omam oba cobwiTusi A u B opHOBpeMeHHO. To ectb AN B ecTh MHOXXECTBO,
copeprKalliee 3AeMeHTapHbIe MCXOABI, BXOASIIINE OAHOBpeMeHHO B A u B B.

3. fononnernuem A\B coObitusi B A0 A Ha3BIBaeTCsI COOBITHE, COCTOSIIIIEE B TOM, UTO IIPO-
M30IIAO COOBITHE A, HO He mpou30Iin0 B. To ectb A\B ecTh MHOKECTBO, COAepIKalllee
OAE€MEeHTAapPHEBIE MCXOABI, BXOAMIIINE B A, HO He BXOAJIIIINE B B.

4. [MpomuBononoxcHoim (WA OONOAHUMENbHbIM) K COOBITHIO A HasbiBaeTcs cobbiTre A = O\ A4,
cocTosiee B TOM, YTO coObITHe A B pe3dyabTaTe dKCIepUMeHTa He Ipounsolinro. MHave

ToBOpS, A eCThb MHOKECTBO, COAepKalllee SIAeMeHTapHbIe MCXOABI, He BXOAMINE B A.
OmnpepeaeHue 3.
1. CoOwiTuss A u B Ha3LIBAIOTCS HecoBmecmHbimMu, ecal AN B = &,

2. CoOwitusa Ai,..., A, Ha3BIBAIOTCS NONAPHO HECOBMECMHBIMU, €CAU AAS AIOOBIX i % j,
1<14,j <n, cobertuss A; 1 A; HECOBMECTHBI.

3. ToBopsr, uro cobeitTne A Brevem cobertue B, u nuinyT A C B, eCAl BCeTAQ, KaK TOAb-
KO IIPOUCXOAMUT COOBITHE A, MPOUCXOAUT U cOoObITHEe B. Ha s3bIKe Teopuu MHOKECTB
3TO O3HAYaeT, YTO AI0OOI SAeMeHTaPHBIM MCX0A, BXOAIIINN B A, OAHOBPEMEHHO BXOAUT
1 B coOnITHE B.

BepOHTHOCTB Hd AMCKPETHOM IIPOCTPAHCTBE 3A€MEHTAPHBIX NCXOAOB

[TpEeATOAOKUM, UTO MBI UMEEM AEAO C OUCKPEmHuIM TIPOCTPAHCTBOM SAE€MEHTAPHBIX HC-
XOAOB, TO €CThb IIPOCTPAHCTBOM, COCTOSIIIIUM M3 KOHEYHOTO MAU CUETHOTO YMCAA DAEMEHTOB:
Q={wi,wa, ... ,wn,...}.




Omnpepenenne 6. TlocTaBuM KaXXKAOMY 3A€MEHTAPHOMY UCXOAY w; € ) B COOTBETCTBHE
grcao p(w;) € [0,1] Tak, uro
Z plw;) = 1.

w; €EQ

HazoBem umcao p(w;) BeposmHocmeto SAeMEHTapHOTO HUCXOARA w;. BeposmHocmeto COOLITHUS
A C () Ha3pIBAeTCSI YUCAO

P(A) = 3 plw),

w; €A

paBHOE CyMMe BepOHTHOCTefI OAEMEHTAPHBIX MCXOAOB, BXOAMAIIIMX B MHOJXECTBO A.

3ameuanue 3. [lo3pHee, MO3HAKOMUBIIUCH C @KCUOMATUKOM TEOPUM BEPOSITHOCTEM, MBI
3aAaAVM BEPOSTHOCTU COOBITHM HEMOCPEACTBEHHO, a He 4yepe3 BEPOSATHOCTH SAEMEeHTapHBIX
ucxopoB. Tem Ooaee, YTO CAOKEHUEM BePOSATHOCTEN 3AeMeHTapHBIX UCXOAOB MOJKHO ITOAY-
UUTH AUIIL BEPOSATHOCTH COOBITUS, COCTOSAIIEro He OOAee UeM M3 CUETHOTO YHCAA IAEMeH-
TapHBIX MCXOAOB (MHaUe caMO MOHSATHE CYMMHPOBaHUSA He ollpepereHo). Ho Ha AUCKpeTHOM
ITPOCTPAHCTBE IAEMEHTAPHBIX MCXOAOB OITPEAEAUTH BEPOSITHOCTH COOBITUM TaK, KaK 3TO CAe-
AaHO B ompepereHun 6, Bceraa BO3MOSKHO.

nepqu/ICAI/IM O4UeBUAHBIE B CAydde AUCKPETHOT'O IIPOCTPAHCTBA 3A€MEHTAPHBIX HCXOAOB
CBOMCTBa BEePOSTHOCTH, KOTOPBIEe MBI CKOPO AOKa’XeM Cpa3y B O6H_IeM CAydae.

1. 0<PA)<KL 2. PQ)=1 3. P©=0 4. P(A)=1-P(A);
5. ecau A u B HecoBmectHH, TO P(AU B) = P(A) + P(B);
6. B obmem xe cayuae P(AU B) =P(A) +P(B) — P(AN B);

7. ecaum AC B, o P(A) < P(B).

Vopakaenue 3. AoOKa3aTh IEepPEUNCAEHHEBIE BEIIIE CBOMCTBA, TIOAB3YICH OIPEAEAEHUEM 6.

Kak BMAHO, BEpOSAATHOCTBHIO MOKeT OBITh Ha3BaHa COBEpPIIEHHO aOCTpaKTHasg (PYHKIINL,
YAOBAETBOPSIONIAs HECKOABKUM HeOOpEeMeHUTEABHBIM TpeOoBaHuAM. OAHAKO O HEOOXOAU-
MOCTH «COOTBETCTBUSI TEOPUHU HNPAKTUKE» TOKE HAAO IIOAYMATh.

Kaaccuueckoe OIIpeAeneHr e BEPOSITHOCTH

ITpeAnIoAOKMM, UTO MBI MEeM AEAO C IIPOCTPAHCTBOM 3A€MEHTapHBIX MCXOAOB, COCTOS-
UM U3 KOHeYHOro uucra N sneMeHToB: () = {wi,ws,...,wy}. BoAee TOroO, MPEAIOAOKUM,
YTO U3 KaKUX-ANOO0 COOOpa>keHUlN MBI MOJKEM CUUTATh dAeMeHTapHble UCXOABI paBHO0B03MOdiC-
Hoimu. TOrA@ BEPOSITHOCTH AFOGOTO M3 HUX IIPUHUMAETCS paBHOU 1/N.

OTHU cooOpa>keHHUs dallle BCero He UMeIOT OTHOIIEeHUI K MaTeMaTU4eCKON MOAEAU U OCHO-
BaHBI Ha KaKOW-AMOO CUMMETPUM B BKCIIEpUMEHTe (CMMMeTpPUYHasd MOHETa, XOPOIIo Iepe-
MelllaHHad KOAOAA KapT, IpaBUABHAd KOCThH). AMOO MBI MOJKEM 3apaHee CYHUTATh HMCXOABI
SKCIIepUMEeHTa PaBHOBO3MOXXHBIMU, HO TOTA@A PaHO MAU IMO3AHO BCE PAaBHO BO3HUKHET BO-
IIPOC O COOTBETCTBHUU TAKOM MATEMATHUYECKON MOAEAUW PEAAbHOMY JKCIEPUMEHTY.

Ecan co6ertne A = {wj,,... ,wj, } cocTouT U3 k 3AeMEeHTapHBIX UCXOAOB, TO BEPOSATHOCTH
9TOTO COOBITHSI PaBHSETCSI OTHOLIEHUIO k/N:

_ . N 1 A
P(4) = p(wi) + ...+ plwy) =k 5 = a

TAe CEUMBOAOM |A| 0603HaUYE€HO YUCAO IAEMEHTOB KOHEUYHOI'O MHOXKeCTBa A.




OmnpepeneHue 7.

TOBOPSAT, YTO KCIIEPUMEHT YAOBAETBOPSIET K/AACCUYECKOMY onpedesneHuto BeposimHo-
cmu (UAM KAQCCUYECKOU BEPOSATHOCTHOU CXeEMe), ECAU IIPOCTPAHCTBO dIAEMEHTAaPHBIX
HMCXOAOB COCTOUT M3 KOHEYHOTO YHCAA 2| = N paBHOBO3MOJKHBIX MCXOAOB.
B 3TOM CcAy4yae BEpPOSITHOCTH ATOOOTO COOBITHS A BBIYUCASIETCS IO (hOpMyAe

_ 4]
jolp
Ha3bIBAEMOU K/accuyeckum onpeodesneHuem BeposmHocmu. ITa (POPMyAa UUTAETCS

TaK: «BEPOSITHOCThL COOBITHUS A paBHa OTHOIIEHUIO YHCAA HCXOAOB, 6s1a20npusim-
cmByrowux coOBITHIO A, K OOIIEMYy YUCAY HUCXOAOBY.

P(4)

3ameyanue 4. [loae3HO MOMHHUTH KAACCUUYECKYIO (popMyAUpPOBKY Akoba bepHyaau: «Be-
poamHocme ecms cmeneHb docmoBepHocmU U OMAUYAemcs Om Hee KaKk 4acme om yesno2o»
(Ars Conjectandi, 1713 t.)

3ameyanue 5. MBI BUAUM Telleph, YTO MOACUYET BEPOITHOCTU B KAACCUUYECKOU CXeMe CBO-
MUTCS K IIOACUYETY UMCAQ «IIAHCOB» (3A€MEeHTAapHBIX UCXOAOB), OAQTONIPUATCTBYIONIUX KAaKOMY-
AMOO COOBITHIO, U OOIIEro YMCAA IMIAHCOB. Kak IMpaBHAO, 3TO AEAQETCSI C MOMOIIBI0 POPMYA
KOMOUHATOPHUKHU.

PaccmoTpum onucanHble B naparpade 1.1 ypHOBEIE cxeMbl. HammoMHUMM, 4TO peub HAET
00 m3BAedueHUU k IIAapUKOB W3 YPHBI, COAepsKallled n 1MapuKoB. [Ipw 3TOM TpU CXEMBI: C
BO3BpallleHUeM U C YYETOM HOPSIAKa, Oe3 BO3BpPAllleHMd U C YUYETOM IOPSIAKAE, a TakKe 0Oe3
BO3BpallleHus U 0e3 ydeTa MOPSAAKA YAOBAETBOPSIOT KAACCUYECKOMY OIIPEASAEHUIO BEpOST-
HocTu. OOIllee YUCAO IAEMEHTAPHBIX UCXOAOB B 3TUX CXeMaX MOACYHUTAHO B TeopeMax 4, 2,
3 u paBHO, cooTBeTcTBeHHO, n¥, Ak CF,

YeTBepTasa ’Ke cxeMa — CXeMa BBIOOpa C BO3BpallleHHeM U 0e3 ydeTa NMOpIAKa — HMeeT
3aBEeAOMO HEPAaBHOBO3IMON}CHbIE NCXOABL.

ITpumep 5. PaccMoOTpuM, CKakeM, BHIOOP ABYX IIapHUKOB M3 ABYX MAH, YTO TO JK€ CaMOE,
ABasKABI TOAOPOCUM MOHETY. ECAM yUUTBIBATHL MOPIAOK, TO UCXOAOB ITOAYUYUTCS 4, M BCe OHU
PaBHOBO3MOJKHBI, TO €CTh UMEIOT BEPOSITHOCTD 1o 1/4:

(rep6,repb), (peuika,peuika), (pewka,repb), (repo,pewka).

EcAu mopsiAOK He YUUTHIBATh, TO CAeAyeT OOBIBUTH ABA IIOCAEAHUX HCXOAA OAHUM U TeM
JKe pe3yAbTaTOM 3KCIEPUMEHTa, ¥ MOAYUYUTH TPU MCXOAA BMECTO YeThIpeX: BBIIAAO

gBa repba, Aubo gBe pewlku, AuUOO OguH repb u OgHA peulika.

[Tpu sTOM mIepBHIE ABA MCXOAA MMEIOT BEPOSTHOCTHL 1/4, a MOCAeAHWN — BEpPOSITHOCTH
1/74+1/4=1/2.

Vnpasknenue 4. TlocuuTaThb UMCAO BAEMEHTAPHBIX HCXOAOB B IIpuMepe 2 (IIpu MopAOpa-
CBIBAHUM ABYX UI'PAABHBIX KOCTel). Kakum cTaHeT IPOCTPAHCTBO 3AE€MEHTapHBIX HMCXOAOB,
€CAU TOPSIAOK KOCTel He YUWUTHIBaTH? [locunMTaTh YUCAO dAeMeHTapHBIX MCXOAOB B TaKOM
IIPOCTPAHCTBE (IOAB3YICh TEOPEMOM 5 MAU IPSAMBIM MOACYETOM). YOEAUTHCS, YTO MX POBHO
C% = 21. PaBHOBO3MO>KHBI AWl 3TU UCXOABI? [ToCUMTaTh BEPOSATHOCTH Ka’KAOT'O MCXOAQ.




TunepreoMeTpuYecKoe pacmnpeAeireHne

ITpumep 6.

W3 ypHBI, B KOTOPOM N1 OEABIX U 1 — 1| YepPHBIX I1apoB, Haypady, Oe3
BO3BpallleHUsI BLIHMMAIOT k 11apoB, k < n. TepMUH «HayAauy» O3Haya- no| n—-m
€T, YTO TMOSTBAeHME AT0O0T0 Habopa u3 k mapoB paBHOBO3MOXHO. Hattu [}

BEPOSITHOCTBH TOTO, YTO OyAEeT BHIOPAHO POBHO k1 O6eAblx U k — Kk 4epHBIX ki | k—k
1I1apoB.

PeweHue 3amerum, uTo Opu ki > n; uAu k — k1 > n — n; UCKOMasi BEpPOSITHOCThH
paBHa 0, TaK KaK COOTBETCTBYIOIee COOBITHE HEBO3MOXKHO. [IycTh k1 <nj u k—k; <n—ny.

PesyabTraToM 3KCIIepHMeHTa gBASeTCS HaOOp u3 k mapoB. [Ipu 3TOM MOJKHO He YUUTHI-
BaTb WAV YUYUTHLIBATH MOPSAOK CAEAOBAHUS IIAPOB.

1. Bribop 6e3 yuera nopspka. OOllee YUCAO 3AEMEHTApHBIX HMCXOAOB €CTb YUCAO k-
SAEMEHTHBLIX OAMHOKECTB MHOJKECTBA, COCTOSIIEr0 U3 1 dAeMEHTOB, To ecTh || = CF (mo
TeopeMe J).

O6o3naunM 4yepe3 A coOBITHE, BEpPOATHOCTH KOTOpPOro TpeOyercsa Hauitu. CobwiThio A
OAAroIIpUSATCTBYET MOSIBA€HHE AI0OOTO Habopa, copeprkalilero k; OeAbIX 1IapoB U k — ki dep-
HBIX. UMCAO BAAQTONPUATHBIX UCXOAOB PAaBHO MPOU3BEAEHUIO (IO TeopeMe 1) uncaa cmocoOoB
BBEIOPATH k1 OEABIX ITAPOB M3 1] U UYMCAA CIIOCOOOB BHIOPATh k — k1 YepPHBIX IIAapOB M3 1 — N1:
|A| = CFt . CF=F1. BeposTrOCTS cOBHITHS A paBHa

n—mi*
G -Gl
P(4) = % (1)

2. BrIOop ¢ yueToM nopspka. OOIllee 4MCAO IAEMEHTAPHBIX HCXOAOB €CTh YHCAO CIIOCOOO0B
pasMecTUTh n 9AeMeHToB Ha k Mectax: |Q = AF =n(n—1)...(n —k + 1) (10 Teopeme 2).

[Mpu moacueTe 4rcAa OAQTONPUSTHBIX MCXOAOB HYJKHO YYECTb KaK YHCAO CIOCOOOB BHI-
OpaThb Hy’)KHOE YHCAO IIapOB, TaK ¥ YUCAO CIIOCOOOB PACHOAOKUTL 3TH IIapbl cpean k. Moxk-
HO, CKa’keM, ITOCUYUTATh YMCAO CIIOCOOOB BHIOPATH k1 MECT cpear k (paBHOe C,i“), 3aTeM YUCAO
Cc1ocob0B pa3MeCcTUTh Ha 3TUX k1 MecTax n OeABIX I1apoB (paBHOe A’flll — He 3a0BIBaMTe IPO
yueT nopsipkal), u 3aTeM YHCAO CIIOCOOOB pa3MeCTUTh Ha OCTaBIIUXca k — kj MecTax n — nj

YepHBIX IapoB (paBHOE Aﬁ:'ﬁl). [TepeMHOXXUB (HO4eMy?) 3TH YUCAQ, TOAYIUM
k k k—Fk1 k k—k1
Ct-An - A ch.C
_ ok k k—k1 _ Yk ni n—ny __ —ni n—mni
|A] = Ct - At - AR P(A) = =

AL Ch

B paccmoTpeHHOM 3apade MBI COIIOCTaBUAM Ka’KAOMY Habopy u3 k; O0eAbIx u k—kj 4epHBIX
1IapOB BEPOSATHOCTH MOAYUYUTH 3TOT HAOOp IIpU BHIOOpPEe k IIApOB U3 YPHBI, COAepKalleln nq
OeABIX U n — N1 YePHBIX MIapPOB:

k1. Ck_kl
P A — ni n—mi
ch.ckh
Omnpepenenne 8. CootBerctBue k; — P(A) = %, UAW CAEAYIOIIAN HabOP
n

BEPOSTHOCTEN

Ok -Ck:kl
%, rae 0<k <min(k,n1), k—k<n-m
n

Ha3BbIBACTCST 2UNEP2EOMEMPUYECKUM PACNPEDENEHUEM.




Pazpen 2. T'eoMmeTpuuyecKasi BEpOSITHOCTD

2.1 Yto 3TO TAaKoe

PaccmorpuM Kakyro-HUOYAL obaacTb {2 B R™ (Ha mpsiMol, Ha
IIAOCKOCTH, B IIPOCTPaHCTBe). [IpeannonosKuM, 9TO «Mepa» €2 (AAU-
0 HQ, IIAOLIaAb, OOBEM, COOTBETCTBEHHO) KOHeuHa. [lycTb caydaii-

@ HBIM DKCIIEPUMEHT COCTOUT B TOM, UTO MBI Haypauy OpocaeM B
3Ty 006AACTb TOUKY. TepMHH «HayAauy» 3AeCh O3HAYaer, qTOo

BEpPOSTHOCTH IIOIIAA@HUS TOUKU B ATOOYIO 4acTh A C () He 3aBUCUT OT (DOPMBI HAU PACIIOAOIKe-
HUs A BHyTpH §), @ 3@8BUCHUT AWIIH OT «MepbI» obractu A (ecam A m3mMepuMmo, CM. 3aMedyaHue
6).

Omnpepenenne 9. OKCIIepUMeEHT YAOBAETBOPSET YCAOBUAM «I€OMETPUUYECKOrO OIIpeAeAe-
HUS BEPOSTHOCTU», €CAM €r0 MCXOABI MOXCHO M300pPa3uTh TOYKAMM HEKOTOPOM obaacTu () B
R™ Tak, 4TO BEpOSTHOCTDL IIOMAAaHUS TOYKM B AIOOYIO 4acTb A C () He 3aBUCHUT OT (DOPMEI
AU pacrorokeHusi A BHyTpH (), @ 3@aBUCHUT AUIIL OT Mephl ooAacTu A (M, CAEAOBATEABHO,
IIPOIIOPIIMOHAABHA 3TOM Mepe):

A
P-€A) = L), rae  u(A) obosHadaeT Mepy obractu  A.
()
«Mepoii» MBI TIOKa OyAEM Ha3bIBaTh AAUHY, IIAOIAAL, OOBEM U T.A.
EcAu AAST TOUKH, OPOIIEHHOM B OGAACTH (), BBIIIOAHEHBI YCAOBUSI T€OMETPHUIECKOTrO Olpe-
AEAEHUs] BEPOSITHOCTH, TO TOBOPST, YTO TOUKA paBHomepHo pacnpedenera B obaacmu ().

ITpumep 7. Touka Haypauy OpocaeTcda Ha oTpe3ok [0,1]. BeposATHOCTH TOUKe IIONACTH
B Touky {0.5} paBHa HYAIO, TaK KaK Mepa MHOJKECTBa, COCTOSIIEro U3 OAHOU TOUYKH («AAH-
Ha TOukm»), ectb 0. Bmecte ¢ Tem nomapanue B TOouky {0.5} He sIBAsIETCS HEBO3MOJKHBIM
COOBITHEM — 3TO OAWH U3 dAEMEHTapHBIX UCXOAOB SKCIIEPUMEHTA.

2.2 3apava o BCTpeue

ITpumep 8. Apa auma X u Y yCAOBUAUCH BCTPETUTBCI B OIPEAECAEHHOM MECTe MEeKAY
ABYMS M TpeMd 4acaMU AHd. [IpUITeAIni IIepBEIM KAET APYTOro B TeueHUU 10 MUHYT, IIOCAE
4ero yxXOAWUT. YeMy paBHA BePOATHOCTb BCTPEUYU 3THUX AWI], €CAM KaKABIM U3 HUX MOJKET
IpUNUTHU B ATOOOe BpeMsd B TeueHHe YKa3aHHOTO Yaca He3aBHCUMO OT APYTOTO?

P e weHue Bypem cunTath mHTEpBaAa ¢ 14 po 15 wacoB aas orpeskoMm [0,1] armHON
1 gac. IlycTtb £ («Kcu») m 1 («3Ta») — MOMeHTHI npuxopa X u Y (Toukm orpeska [0,1]).
Bce BO3MOJKHBIE PE3YABTATEI DKCIIEPUMEHTa — MHO’KECTBO TOUEK KBaApaTa CO CTOPOHOMU 1:
Q={(&n): 0<£<LL,0< <1} =10,1] x [0,1].

MO’KHO CUUTATh, YTO HKCIIEPUMEHT CBOAUTCSI K OPOCAHUIO TOYKU
n HaypAQuy B KBaApar. [Ipu 9TOM GAArONpHUSTHBIMU HCXOAAMHU
ABAsIIOTCS Touku MHOKectBa A = {(§,n) : |§ —n| < 1/6} (10
MuHyT = 1/6 gaca). To ecTh momapaHre B MHOJKECTBO A Haypady
OpOILEHHOM B KBaAPaT TOYKHU O3HadaeT, 4TO X M Y BCTPETSITCS.
Toraa BEpOSITHOCTb BCTPEYM PaBHA

) _1-(3)° _n
PA="@ = T

1/6 1 ¢

2.3 3apaua brogdona

ITpumep 9. Ha nAOCKOCTM HauepueHBI IapaAAeAbHBIE IIPSIMble, HAXOAAIIVECS APYT OT
APpyra Ha paccTodgHuU 2a. Ha mAaockocTh Haypauy OpollleHa HUTAa AAUHBL 20 < 2a. KakoBa
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BEPOAITHOCTb TOTO, YTO UTAQ IIepeceueT OAHY M3 MPIMBIX ¢

P e w e Hue. TlotimeM, 4YTO O3HAUAET 3AeCh «Haypauy OpoillleHa uraa». Bo3moskHble Io-
AOJKEHHUSI UTABI (OTPE3Ka) Ha NAOCKOCTH IIOAHOCTBIO OIPEAEASIOTCS IOAOJKEHHEM CepeAWHBI
WUTABI M YTAOM IIOBOPOTA UTABI OTHOCUTEABHO KaKOTO-AMOO HallpaBAeHUs. [IpuueM ABe 3TH
IIepeMeHHBIE (IOAOJKEHHE [EeHTPa U yrOA II0BOPOTA) MEHSIOTCS HE3aBUCHMO APYT OT ApyTa.

O6osuauum uyepe3 = € [0,a] paccTosiHME OT CEPEAUHBI
UTABL A0 OAMDKaMIIel mpsiMol, a uepe3d ¢ € [0,7] —
YTOA MEXAY KaKUM-TO HAllPAaBACHUEM MPSIMBbIX U UTAOM.

l MHO>KeCTBO BO3MOJKHBIX ITOAOKEHUM WIABI IIeAMKOM
% OIpepeAsseTcss BEIOOPOM Haypady TOUKH U3 IIPSIMOYTOAb-

l © Huka {2 = [0, 7] x [0, a].
T Hraa nepecekaeT OAMIKAUIIYIO NPSAMYIO, €CAU KOOPAHU-

HaTHl BEIOPAHHOM HayAady TOUYKM YAOBAETBOPSIOT Hepa-
BeHCTBY: z < [ -sin .

[Mromaas obractu A C (), TOYKM KOTOPOU YAOBAETBOPSI-
IOT TAKOMY HEPaBEeHCTBY, paBHa

@ x =1-sin T T
4 ,u(A):/ l-sing dp = —1-cosp| =2I.
0 0
m\ U Ttak Kak u(2) = am, TO “UCKOMasi BEPOSITHOCTH paBHa
\ 21

2.4 Tlapapokc beprpaHa

ITpumep 10 (Josef Bertrand, “Calcul des Probabilites”, 1888).
B Kpyre eAMHUYHOTO papryca HayAauy BeIOMpaeTcs Xxopapa. KakoBa BEPOATHOCTE TOTO, UTO ee
MAUHA OyAeT OOABIIIE, YeM AAMHA CTOPOHBI BIMCAHHOTO B KPYT IIPABUABHOTO TPEYTOABHUMKA ?

«P e weHuey. EcTb o KpaliHel Mepe Tpu crioco0a «BBEIOPATh HayAQdy XOPAY B KpyTre».

1. 3adukcupyeM OAHY TOUKY (KOHEI XOPABI) Ha OKPY>KHOCTU
. 1 BbIOepeM Haypauy Ha OKPY’KHOCTH APYTYIO TOUYKY (BTOPOM
KOHeIl XOpABL). 3aech = [0,27], a GAQTONPUATHBIMU SIBASI-
IOTCSI IIOAOJKEHUSI BTOPOM TOYKU Ha MHTepBane [2m/3,47/3]
(XOpABI, IIOMeYeHHBIEe Ha PUCYHKe KPAcHBIM IIBeTOM). Be-
POSITHOCTD TIOAYYUTEH «AAMHHYIO» XOPAY PaBHa 1

3

2. CyiiecTByeT POBHO OAHA XOpAQ, AASL KOTOPOM AaHHAsA TOU-
Ka B Kpyre SIBASIETCS cepearHOi!'. MOKHO MO3TOMY BhI-
OupaTh HayAQuy XOpAy, Opocass HayAauy TOUKY (CEepeAuHy
XOpABI) B KpyT. 3paech ) — kpyr papuyca 1, pu(2) = m, a
ONATONIPUATHBIMU SIBASIIOTCSI TTOAOJKEHUS CEPEAUHBI XOPABI
BHYTPU BIIMCAHHOI'O B TPEYIOABHHUK Kpyra (paaumycom 1/2).

BeposiTHOCTh TOAYUYUTH «AAMHHYIO» XOPAY paBHa OTHOIIE-
1

y

/L

HUIO TIAOIIaAEHM KPYTOB, TO €CTh 1

leOMe TOI'O CAydYas, KOraa 6pOH_IeHHaH HayAq4dy TOYKaA IIOIIAAET B LEeHTP Kpyra. Ho IIOCKOABKY BE€POSITHOCTH
3TOTO COOBITUS PaBHA HYAIO, TO y4e€T UAU HeydeT TaKOIo COOBITHSI HE BAUSIET Ha HUTOTOBYIO BEPOSITHOCTDH
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3. HakoHel, MOXHO OTPAHHUYMUTBECSA PACCMOTPEHHEM TOABKO
<] T XOPA, HEPIEHAUKYASIPHBIX KaKOMY-ANO0 AUaMeTpy (OCTaAb-
HBIe MOTYT OBITH IIOAYYEHBI IOBOPOTOM). TO ecTh 3KcIepu-
MEeHT MOJKET COCTOSThH B BEIOOPE CEpPEeAUHBI XOPABI HayAauy
Ha AMaMeTpe Kpyra — OTpe3Ke AMHOU 2. baaronpugaTHEIMU
SABASIIOTCSI TIOAOKEHUS CEPEAVHEBI XOPABI Ha OTpe3Ke AAMHOMN

/ 1. MckoMasi BEpOSTHOCTb AASl TAKOTO 3KCIEPUMEHTa paBHa
1

5"

<

B yem mpuymHa pal3HUIBI B OTBETaxX Ha, Ka3aAoCh OBl, OAMH U TOT >Xe Bompoc? Ha
caMoM Aeae (POPMYAUPOBKA 3aAa4X He KOPPEKTHA C MaTeMaTU4YeCKOU TOUKH 3peHusd. «Breibop
HayAauy XOPABL B Kpyre» MOXKeT OBITh MO-Pa3HOMY OIIMCAH C IIOMOIIBIO IeOMeTPUUECKOIo
OIIpeAeAeHUsI BEPOSTHOCTU (UTO MBI M CAeAaAU). TO eCcTb 3TOT «3KCIIEPUMEHT» MOYKHO TO-
pPaszHOMY OIIMCATh C MOMOIILIO BEIOOPA HaypAayy TOYKM B HEKOTOPOM OOAACTH.

CAOBO «3KCIIEPUMEHT» B34TO B KaBBIUKM HE HAIIPACHO: CKAa3aB «B Kpyre HayAady BBIOU-
paeTcs XopaAa», MEI ellle He ONHCAaAM (PU3UYECKOTO IKCIIEpUMeHTa. AeUCTBUTEABHO, Ka&XKAOMY
U3 TpeX NPeANOKEHHBIX CIIOCOOOB BBIOOpA XOPA MOJKHO COIIOCTaBUThL KOHKPETHBIN (pu3nve-
CKUM 3KCIIEPUMEHT (BCAKUM pa3 APYTOMN).

Tak 4To mapapOKC UCUe3aeT Cpa3y, KaK TOABKO IIOAYYEH OTBET Ha BOIIPOC: UTO 3HAUUT «B
KpyTe HayAauy BBIOMPAETCS XOpAa»?

3aKaHuMBas 00CYy>KAEHHME ITOHATUS TeOMeTPUIeCKON BEPOATHOCTH, CAEAAeM OUYeHb BasKHOE
AAST AAABHEHIIIeTO 3aMedvaHue.

3ameyanue 6. Ecau pa’ke DKCIIEPUMEHT YAOBAETBOPSET reOMETPUUECKOMY OIIPEAEAECHUIO
BEPOSTHOCTH, AAAEKO He AN BceX MHOKeCTB A C () BepOITHOCTE MOJKET OBITh BEIUYMCAEHA KakK
oTHouIeHue Mephl A K Mepe (2. [IpUYNHOM 3TOTO SBASIETCSI CYIIECTBOBAHNE TaK Ha3bIBaeMbIX
«HEeM3MePUMBIX» MHOJKECTB, TO €CTbh MHOJXeCTB, Mepa KOTOPHIX He CYIIEeCTBYeET.

A ecAm He AASL BCeX MOAMHOJKECTB () MBI MOXKEM OIIPEAEAUTb MX BEPOSTHOCTH, CAEAY-
€T CY3UTh KAACC MHOJKECTB, Ha3bIBAEMBIX «COOBITUIMMU», OCTABUB B 3TOM KAACCE TOABKO Te
MHO>XEeCTBa, A KOTOPBIX MBI MOJKEM OIPEAEAUTH BEPOSTHOCTD.

B caepyromieit raaBe MBI 3a¥IMeMCS IOCTPOEHUEM (Beaep 3a AHApeeM HukroaaeBuueMm Koa-
MOTOPOBBLIM) aKCMOMATHUKU TEOPUU BEPOSTHOCTEM: MO3HAKOMUMCS C MOHATUAMM 0-aATeOphl
(MAM TIOAST) COOBITHM, BEPOSITHOCTHOU Mephl, BEPOSTHOCTHOTO IIPOCTPAHCTBAE, & TakKKe AOKa-
XKeM cpOpMyAUpOBaHHEIe B naparpadge 1.2 cBOMCTBa BEPOATHOCTH.
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Pa3zpen 3. AKcHMoMaTuKa TeOpPUU BEPOSATHOCTEN

3.1 o-aaredbpa coObITHI

IMycte ) — TPOCTPAHCTBO 3AEMEHTapHBIX MCXOAOB HEKOTOPOTO CAYYaWHOTO 3IKCIEepH-
MeHTa (TO eCTb, BOOOIle TOBOPS, MHOKECTBO IIPOM3BOABLHOM IPUPOABI). MBI cobupaemMmcs
OIPEAEAUTh HAOOP MOAMHOKECTB {2, KOTOphIe OYAYT Ha3bIBATHCS COOLITUSIMU, W 3aTeM 3aAaTh
BEPOATHOCTb KaK (DYHKIIMIO, OIIPEAEAEHHYIO MOALKO Ha MHOYKECTBE COOBITUM.

To ecThb COOBITHSIMU MBI OYAEM Ha3BIBATH HE Al0Oble TTOAMHOIKECTBA (), a AMIIb TOAMHOKEe-
CTBa U3 HEKOTOPOTO «MHOJKECTBa MOAMHOKecTB» F. Ilpm 3TOoM HEoOXOAUMO I103a00TUTHCH,
YTOOBI 3TO MHO’KeCcTBO J HMOAMHOIKeCTB () OBIAO «3aMKHYTO» OTHOCHUTEABHO BBEAEHHBIX B
naparpade 1.2 omepaliuii Hap COOBITUSAMU, TO €CTh UTOOLI OOBEAUHEHUE, IiepeceuyeHne, AOo-
TIOAHEHWEe COOBITUH (TO eCThb 3AeMeHTOB J) CHOBa AaBarO COOBITHE (TO ecTh 3aeMeHT JF).

Onpepenenue 10. MuoskectBo F, cocrosiiee U3 MOAMHOKECTB MHOKecCTBa () (He 00s-
3aTeAbHO Bcex!) HasbIBaeTCs o-ar2e6pol cobbvimull, UAu o-an2ebpol nodmHoxcecmB ), ecan
BBIMIOAHEHBI CAEAYIOIINE YCAOBUS:

(A1) Qe (0-anTeOpa COOBITHM COAEPFKUT AOCTOBEPHOE COOBITHE);

(A2) ecarm A € F, 10 Ac T (BMecTe c AOOBIM COOBITMEM o-aATeObpa COAEPIKUT
IIPOTUBOIIOAOKHOE COOBITHE);

oo
(A3) ecant A, Ag,...€F, o |JA €T (BMecTe C ATOOBIM KOHEUHBIM UAM CUETHBHIM
i=1
HaboOpOM COOBITHUM o-arTebpa COAEP)KUT UX 0OBepAHeHUe).

YcaoBug (Al) — (A3) yacTo Ha3bIBAIOT «aKCUOMaMU 0 -aATeOphI».
[MTpoBepuM, uTO 3TOrO0 HabOpa aKCHMOM AOCTATOYHO AASL 3aMKHYTOCTM MHO’KecTBa J OTHO-
CUTEABHO APYTHX Ollepalui Hap COOBITUSMM.

Bmecmo nepBoli akcuomsl docmamoyHo npednoaoxcumes, ymo F He nycmo, mo ecmos codep-
aHcum xoms 6bl 0OUH 37eMeHM.

CsoiicTBO 1. gedF (0-aarebpa cobbimull cogepXum HEBO3MOXKHOe cobblmue).
AokazareabctBo. ITo (A1), Q € F, Ho @ = Q\Q = Q € F B cuay (A2). O

CsoiicTBO 2. Ilpu Brinoanenuu (Al),(A2) csoticmso (A3) sxkBuBaAeHmMHO cBoUcmBy (A4)

[e.e]
(A4) ecau Ay, Ag,...€F, mo (A4, €F (BMecme ¢ AtOObIM KOHEUHbIM UAU CHemHbIM
i=1
HabopoMm cobrpumull o-aArebpa cogep)xum ux nepeceveHnue).

AoOKazaTeAabCTBO. AOKaXkeM, U4TO IpU BHINOAHeHHU (Al),(A2) u3 (A3) caepyet (A4).

Ecam Ay, As,... € F, To pu Bcex i = 1,2,... 1O cBOMCTBY (A2) BhIMOAHeHO A; € F.

o0 —_—
Torpa u3 (A3) caepyert, uro |J A; € F, u, mo (A2), AOIIOAHEHUE K 3TOMY MHOXXECTBY TaKKe
i=1

oo oo o]
IpUHAAAEKUT F, TO eCTh A; € F. Ho, B cury opMyA ABOMCTBEHHOCTH, A; = A;, uTo

i=1 i=1 =1
U T.A.

AOKazaTeAbCTBO B OOPATHYIO CTOPOHY BBITASIAUT COBEPIIEHHO aHAaAOTUYHO.

CsorictBo 3. Ecau A,B € F, mo A\B € 7.
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AokazarearbctBo. A\B = ANB € J, tak xak A € F, B € F, u no (A4) ux mepecedenue
TOKe ITpuHapAeXRUT F. ]

IMpumep 11. Tlycts Q = {1,2,3,4,5,6} — IpOoCTPAHCTBO 3A€MEHTapHBIX NCXOAOB (HAIIpU-
Mep, Ipu GPOCaHUU UTPAABHOTO KyOuka). Caepyioiiue HabGOPHI TOAMHOMKECTB () SIBASIOTCS
o-aArrebpamu (dokazame!):

1. F={Q, 0} ={{1,2,3,4,5,6}, 9} — mpuBuarbHas c-arredpa.
2. F={Q, @ {1},{1}} = {{1,2,3,4,5,6},2,{1},{2,3,4,5,6} }.

3. F={0,2,4,4} = {{1,2,3,4,5,6},®,A,Z}, rae A — TIPOU3BOABHOE TTOAMHOXECTBO ()
(B mpeabiayem npumepe A = {1}).

4, F — MHO>XeCTBO BcCeX IMOAMHOXecTB ). [fokazams, umo ecau ) cocmoum u3 n 3/1emMeH-
moGB, mo B mHoxcecmBe Bcex e20 nodmHoxcecmB poBHo 2" 31emMeHmoB.

HTak, MBI OTIPEAEAVAU CIIETTUAABHBIN KAacC F TOAMHO>KECTB ITPOCTPAHCTBA IAEMEHTaPHBIX
UCXOAOB (), HA3BaHHBIA 0-aATeOPOM COOBITHH, TPUYEM NMPUMEHEHUWEe CUYETHOTO YHUCAA AFOOBIX
omnepanui (Takux, Kak oObepnmHeHre, IlepeceueHue, AOTIOAHeH1e) K MHOKecTBaM 13 F cHoBa
AAeT MHOJKeCTBO u3 F (He BEIBOAUT 3a PaMKHU 3TOTro Kaacca). MHokectBa A € F MBI 1 Ha3Ba-
AU «COOBITUSAMUY.

OmnpepeArM Telephb MOHATHE «BEPOSITHOCTH» KaK (PYHKITNMH, OTIPEAEAeHHON Ha MHOKECTBe
COOBITHH (TO eCTb (PYHKIIMU, KOTOPAas Ka’XAOMY CO6b/MUI0 CTaBUT B COOTBETCTBHE UHCAO).
A YTOOBI YHUTATEAIO Cpa3y CTaAO IIOHATHO, O 4eM IMOMAET peub, AOOAaBUM: BEPOSTHOCTH MBI
OIIpEAEAUM KaK HeompuyamesbHyro HOPpMUPOBAaHHYO mepy, 3aAaHHYIO Ha o-aareOpe J moa-
MHOKecCTB ().

3.2 BeposaTHOCTHh KaK HOPpMHPOBaHHas Mepa

Omnpepenenue 11.

[TycTs 2 — HeKOTOpPOEe MHOXXeCTBO U J — o-aarebpa ero nopMHo>kecTB. OyHKIUA
g F — R U {oco} HaswiBaercs mepol Ha (2,F), ecAn oHa YAOBAETBOPSIET
YCAOBUSIM:!

(M1) Anst AroGoro MHOKecTBa A € F ero Mepa HeorpuiareabHa: ((A) > 0.

(M2) Aast AroGoro cueTHOro HabOopa IIOTIAPHO HEIepeCceKaroIluXCcsi MHOMKEeCTB

A1, A9, As,... € F (TOo ecTh Takoro, uro A; N A; = & 1pu Bcex ¢ # j) Mepa
e} e}

nX oObepAMHEeHUs paBHa CyMMe HX Mep: [ U A ]l = Z w(A;) («cuetHas
i=1 i=1

AAAUTUBHOCTDY UAU «0-aAAUTHUBHOCTBY )

Nuaue TOBOpPdA, Mepa eCTb HeOTpHUullaTeAbHAsA, CYHETHO-aAAUTHUBHAA CIJYHKHI/ISI MHO>XECTB.

Omnpepenenune 12. T[lycte ) — HekoTOpoe MHOXKecTBO W J — o-aarebpa ero mOAMHO-
>)kecTB. Mepa pu : F — R HaswiBaercs HopmupoBarHou, ecau () = 1. Apyroe Ha3BaHue
HOPMHUPOBAHHOU MEPHL — «BeposamHOCMeb» WAU «BepOoOsmHOCMHAs Mepay.

To >ke camoe ele pa3 U MOAPOOHO:
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Onpepenrenue 13.

[MycTb {2 — IPOCTPAHCTBO dAEMEHTapHBLIX UCXOAOB M J — o-aarebpa ero mopAMHO-
JKeCTB (coOwITHIl). BeposmHocmero wirm BeposmHocmHol mepod Ha ({2, F) Ha3bIBa-
erca pyaknus P : § — R, oOraparonias CBOMCTBaAMU:

(P1) Aast AroGoro cobeitusi A € F BBEITOAHSETCSI HEPaBEHCTBO P(A) > 0;

(P2) Apst Aroboro cueTHoro Habopa TIIONMAapHO HECOBMECTHBIX  COOBITHUM

Ay, Ag, As, ... € F uMeeT MeCTO paBeHCTBO
o0 (0.9}
o (04) - ey
i=1 i=1
(P3) BepossITHOCTH AOCTOBEPHOTO COOBITHS PaBHA €AVHHUILE: P(Q2) = 1.

CsotictBa (P1) — (P3) wacTo Ha3bIBAIOT «aKCHOMaMU BEPOSTHOCTMY.

Onpepenenue 14. Tpotika (€2, F,P), B KoTOopoii {) — NPOCTPAHCTBO IAEMEHTapPHbLIX UC-
x0p0B, F — co-aarebpa ero mopMHOKecTB m P — BeposTHOCTHas Mepa Ha JF, Ha3bIBaeTCs
BeposmHocmHbIM NpocmMpPaHcmBom.

AoOKa>keM CBOMCTBA BEPOSATHOCTHU, BBITEKAIONINE M3 aKCHMOM. 3AECh U B AAABHEMIIIEM IO,
3HAaKOM BEPOSITHOCTU IMOSIBASIIOTCSI TOABKO COOBITUSA!

0. P(w)=0.

Aoka3zaTeabcTBo. CoObiTHS A; = &, ¢ = 1,2,..., TONapHO HECOBMECTHHI, U UX OOBEAU-
HeHMe eCThb TaKKe IIycToe MHO>XecTBO. [lo akcuome (P2),

P(o) = Z P(4;) = Z P(2). OTO BO3MOJKHO TOABKO B cAydae P(@) = 0.
i=1 i=1

1.  Aas AT06GOTO KOHEYHO20 Habopa MOTapHO HECOBMECTHBIX COOBITUM A1, ..., A, € F umeer
MeCTO PaBeHCTBO

P (L_Jl AZ-> = Z;P(Ai).

AokazareabcTBO. [TycTh A; = & Tipu AT06OM ¢ > n. BeposiTHOCTU 3TUX COOBITHH, IO
IIPEABIAYIIEMY CBOMCTBY, paBHBI HyAto. CoOwbrtus Ai,...,A,,2,9,9,d,... IOIapHO
HEeCOBMECTHHI, U, ITo akcuome (P2),

P (O Ai) =P (G Ai> = i P(4;) =) P(4)).
=1 =1 =1

=1

2. P(A)=1-P(A).

AokaszaTearbcTtBo. A U A = , u cobertus A, A HecoBMecTHB. Ilo akcuome (P3) u

IpeABIAyIeMy cBoMcTBY, 1 = P(Q) = P(A) + P(A).

3. Ecam AC B, 10 P(B\A) =P(B) — P(A).

AokazateabcTBo. B = AU (B\A), u cobeitus A, B\ A HecoBmecTHHI. [lo akcuome (P2),
P(B) =P(A)+P(B\A).
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Ecam A C B, To P(A) < P(B).

AokazareascTBo. [To mpepwipymemy cBoicTBy, P(A) = P(B) — P(B\A) < P(B). Tlocaea-
Hee HepaBeHCTBO caepyet u3 (P1), T.x. P(B\A) > 0.

0<P(4) <1.

AokazateabctBo. P(A) > 0 mo (P1), u k. A C (), TO O IPEABIAYIEMY CBOHCTBY
P(A) < P(Q) =1.

P(AuB)=P(A)+P(B)—-P(ANB).

AokazateasctBo. AN B C B, noaromy P(B\(ANB)) =P(B) —P(ANB). Ho cobuitus A
u B\(A N B) HeCOBMECTHEI, I03TOMY

P(AUB)=P(A U B\(ANB))=P(A)+P(B\(ANnB))=P(A)+P(B)—P(AN B).
P(AUB) < P(A)+P(B).
AokazareabcTBO. Cpa3y CAepyeT U3 IPEABIAYIEro CBOUCTBA U aKCUOMEL (P1).

n
P(AiU...UA,) < > P(A;). Jokazame memodom mamemamuyecKkol uHOYKYuU.
i=1

n

P(A1UA;U...UA,) => P(A4) - > P(Ain4;) +

i=1 1<j
+ ) PANA;NAR) — ...+ ()" P41 NA2N...NAy). (2)

1<j<m

AokazaTeabCTBO. Bocmoab3yeMcs METOAOM MaTeMaTU4YeCKOM MHAYKIMU. baszuc mHAYK-
Iy Ipu n = 2 — CcBOUCTBO 6 BhIIIe. [TycTh cBOMiCcTBO 9 BepHO npu n = k— 1. AoKaxkeM,
YTO TOTAA OHO BepHO Hpu n = k.

k k—1 k—1 k—1
P(UAl) :P(U A; U Ak) :P(U Ai>+P(Ak)—P<Akm U Ai) (3)
i=1 =1

i=1 =1

I'lo mpeAIOAOKEHUIO HWHAYKIWY, IIEPBOE CAaraeMoe B IIPABOM 4YacTH (3) paBHO

k—1 k—1
P( U AZ-) => P(A)— ). PAiNn4y) +
=1 =1

1<i<j<k—1

+ ) PANANAR) — ...+ (D P(A1 N AN N Ap). (4)
1<i<j<m<k—1

BrruuTaemoe B mmpaBoi yactu (3) paBHO

k—1 k—1 k—1
P (Ak n Ai> =P ( U (AmAk)> =Y PANA)- > P(ANA;N A+

i=1 i=1 i=1 1<i<j<k—1
+ ) PANANARNA) — .+ (D TPP(AIN A N N A N 4. (9)

1<i<j<m<k—1

lTodcmaBumes (4),(5) 8 (3) u doBecmu do KoHYa wae UHOYKYUU.
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IlpuBepeM mpuMep 33paud, B KOTOPOM HCIOAB30BAHME CBOMCTBA 9 — caMBI¥ IIPOCTOU
IIYyTh PELIeHU.

I[Tpumep 12. EcTb n muceM U n TMOAIIMCAaHHBIX KOHBEPTOB. [lMChbMa pacKAaAbIBAIOTCS B
KOHBePTHI Haypauy. HaliTu BepOSATHOCTH TOTO, YTO XOTS OBl OAHO MMCHMO IIONAAET B IpeAHa-
3HAUYEHHBIU €My KOHBEPT U IIPEAEA 3TOU BEPOSATHOCTU IIPU 1 — OO.

PeweHnue Tlycts cobuiTue A;, i = 1,... ,n 03HaAYaeET, YTO i-€ MMUCHMO MMOTIAAO B CBOU
KOHBepT. Toraa

A = {xoms 6bl ogHo nucbMo nonagem B cBoU KoHBepm} = AjU...UA,.

U Tak Kak cobwlTug Aj,..., A, COBMeCTHH], IPUAETCI UCIOAB30BaTh OpMyAy (2). HeTpyaHo
yOeAUThCs, 4TO

1
P(4;) = . AMI BCeX i

(n—2)! 1 .,
P(A; N Aj) - Y P MAST BCEX 1 # 7,

(n—3)! 1 o
P(A;,NA;NA,)= = e
(AinA;nN ) oy o P M BCEX 1 #£ j#m

1

P(A1N...NAy) ==

n!
BBIUMCAMM KOAMYECTBO CAAraeMBIX B Ka’KAOU cyMMe B dopmyae (2). Hanpumep, B cym-

Me E POBHO 0,2 CAAra€MBIX — POBHO CTOABKO TPEeX-3A€MEHTHBIX MHOJXEeCTB MOJXHO
1<i<j<m<n

06pa3oBaTh U3 N IAEMEHTOB, U KaXKAOe TaKoe MHO>XEeCTBO {i,7,m} BCTpedYaeTcsi B MHAEKCAaX

AaHHOﬁ CyMMBI eAHAXXABDBI.

INopcTaBAsig BCe BEpPOITHOCTU B POPMYAY (2), HOAYUHM:

1 1 1 1
P(A)=n--—-C2. —— 4+ (3. — (=D s =
(4) =n n " n(n—1)+ " nn—-1)(n-2) +(=1) n!
11 1

Boinucame pasnoxcenue e~ 8 psd Telnopa u y6edumocs, umo P(A) — 1 —e~! npun — oc.

3.3 O OopeaeBcKom c-arreOpe m Mepe Aebera

Chaeaytolnuii maparpad mpepHasHaueH TOABKO AASI TeX, KTO He MCITYTaACs BCEro CKas3aH-
HOTO BBIIIIE ¥ XOYEeT MO3HAKOMUTHCSI C MOHSITUSIMU «o-a12€6pa 6openeBckux mHoxecmBy u
«mepa Jlebeza .

bopeaeBcKas o-aareOpa Ha IIpsSIMOM

ITpumep 13. Tlycte Q = R — BellecTBeHHas npsMasi. PaccMoTpuM HEKOTOpPBIE HAOOPHI
MHO>KECTB, He IBAAIOIIUeCs o-aAreOpaMu, ¥ YBUAUM, KaK UX MOJKHO AOIIOAHUTB AO 0-aATeOp.

1. MuosxectBo A = {2, &, [0,1], {0}} = {R, @, [0,1], {0}} He ABAseTCS o-arreOpO, Tak
Kak, Haupumep, [0, 1] = R\[0, 1] = (—o0,0)U(1,00) ¢ A. MUHUMaABHBIN HaOOP MHOKECTB,
copeprkamum A 1 ABASIONIUNUCS 0-aAreOpoU (MUHUMAABHASA 0-aATe0pa), IOAYUYUTCS, €CAU
BKAIOUHTH B HETO BCEBO3MOJKHBIE OOBEANHEHNS, [Tlepecevde st U AOTIOAHEHUS] MHOJKECTB
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u3 A:

F={R, o9, [0,1], {0}, (—o0,0)U(1,00), (0,1], (—o0,0]U(1,00), (—o0,0)U(0,00) }

Boaee TOuHO, MUHUMAABHOU o-aArebpol, copeprKalnei Habop MHOXKeCTB A, Ha3bIBaeTCs
rmepecedyeHne BCeX o-aATeOp, copeprkammx A.

2. Haiitu MUHMMaABHYIO o-aATe6py, copepskamyio A = {R, @, [0,1], {3}}

3. TTycts MHOXeCTBO A IMOAMHOKECTB Bell[eCTBEHHOU IPsIMOM R COCTOUT M3 BCEBO3MOIXK-
HBIX OTKPBLITBIX MHTEPBanrOB (a,b), tae a < b: A = {(a,b) : —0o < a < b < o0}.

(a)

(b)

()

IMTpoBepurs, uTo A HU B KOEM CAydYae He SBASIETCS o-arreOpoiil

Ykazanue: npuseciu npumephbl gpaguamu MHOXXeCImB U3 A, gOIIOAHEHUsl K KOmOphbIM
He npuHagaAexam A, npusBecmu npumMepsl NAmMU MHOX>KeCmB U3 A, Arobble Oﬁ'begllHeHllﬂ
KOmMOpPBIX HE NpuHagAexxam A.

MunuManbHasA o-aarebpa, copeprkalllasgd MHOXXeCTBO A BCeX MHTEPBAAOB Ha Bellle-
CTBEHHOM IIPSIMOM, Ha3bIBaeTcs 6opeseBckol o-anzebpol B R (Felix Edouard Justin
Emile Borel) u o6o3nauaercs B uau B(R).

[TepeuncAuM HEKOTOPBIE MHOJKECTBA Ha NMPSIMOM, copeprkaiuecs B B. TakoBeI Bce
IIPUBBLIYHBIE HAM MHOXKeCTBa. UTOOBI IIOAYYUTH MHOJKECTBO, HE COAeprKallleecs B
B, TpeOyIOTCS CIleluaAbHbBIe TOCTpOoeHus. MTak, MBI 3HaeM, UYTO BCe WHTEePBaAbI Ha
IpsAMON TIpUHapAeXaT B, u B — o-aareOpa.

R npunadnexcum B. ITo cpasy caepyeT u3 cBoumcTBa (Al) o-aArreOpbl, HO MOXKET
OBLITh AOKa3aHO UCXOAS M3 CBOUCTB (A2), (A3J).

(oo}

AetictButearo, R = |J (—n,n). Tak Kak Bce 3THM HHTEpPBaAbl AekaT B A, a
n=1

A C B, To Bce 3TM mHTepBaAbl npuHaprekaT B. Ho B — o-aarebpa, mosTo-

MYy OHA COAEP)KHT CYETHOe OOBEeAMHEHHE AIOOBIX CBOMX 3AEMEHTOB. [TosTomy
o0
R= U (—n,n) € B.

n=1
Jlo6ol unmepBan Buda (a,b] ( uau [a,b), usu [a,b] ), ede a < b, npurHadnexcum B.

o
AeﬁCTBI/ITeAbHO, (a, b] = n (a, b+ %), U TaK KaK BCe 5T MHTEPBAABL A€KAT B B, TO UX
n=1

CUeTHOe IlepecedeHre AOAJKHO II0 CBOMCTBY (A4) mpuHapreskaThb B.

Jllo6oe odHomoyeyHoe noomHoxcecmBo {b} C R npunadsexcum B.

AerictButensto, {b} = (a,b]\(a,b), a pa3HOCTb AByX MHO>XECTB U3 0-aAreOpBl CHOBA
IPUHAANEKUT o-aaredpe.

e AOKaXuTe, 4TO, HAIIpUMeD, a066ie MHoxcecmBa Buda (a1, b1)U(az, be) npuHadnexcum

B, mHoxcecmBo HamypansHeix yucen N npuHadnexcum B, mHoxcecmBo payuoHanbHbIX
yucen Q npuradnexcum B.

4. bopeaeBckas c-aarebpa B R™ cTpouTcsi coBepllleHHO Tak >Xe, Kak B R. JTo pAoAKHaA
OBLITH MUHUMAaAbHas 0-aATebpa, CoAeprKallas BCe MHOXKECTBa BUAA (a1, b1) X ... X (an, by)
(y’Xe He MHTepBaAbI, KakK B R, a «IpPIMOYTOABHUKH» B R? «IIapasrenemunepbi» B R3
U T.A.).
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Mepa Aebera

Korpa MBI TOBOPUAM O TEOMETPUYECKOM BEPOSATHOCTU, MBI MCIIOAB30BAAU TEPMUH «Mepa
obractu A B R™”», uMes: BBUAY «AAWHY» Ha MPSIMOMU, «IIAOIIAAL» Ha MAOCKOCTH, «O0HEM» B
TPEeXMepPHOM IMPOCTPAHCTBE. SBASIIOTCSI AWM BCE 3TU AAMHBI-IIAOIIAAU-00HEMBI» HACTOSIIN-
MU MepaMH B CMBICAe olipepeAeHuss 117 Mpl peliuM 3TOT BOIPOC AAS TPSIMOM, OCTaBASSA
TIAOCKOCTh U IIPOCTPAHCTBO OOABINIEN pa3MepPHOCTHU YUTATEAIO.

Ecau Bam yixce pacxomesocs yumame danewe, coobwaem: mepol Jlebeea B 3a0ayHuKax U
YyyebHUKaxX Ha36IBarom Kak pa3 «0AuUHY-naowadb-06vems, mak ymo Bce B nopsoke.

PaccMoTpuM BeljeCcTBEHHYIO IPAMYIO C 0-aATeOpoUd OOpEeAeBCKHUX MHOKECTB. OJTa o-
aarebpa, MO ONPEAEAeHMIO, eCTh HauMeHbIas o-aAredpa, copepsKalias AI0Oble MHTEPBAABI.
Anst Kakporo mHTepBaaa (a,b) C R uucao b — a Ha30BeM «AAMHOM uHTepBara (a,b)». Mel He
CTaHeM AOKAa3bIBaTh CAEAYIOIIee YTBEp>KAEHUE:

AemmMma 1. CywiecmByem eQUHCMBEHHAsA mMepad (MO ecmb  HeOMpuuameAbHAs U
o-aggumuBHas ¢pynkuyus) A Ha (R,B), 3Hauenue komopol Ha AWOGOM UHMEPBAAE PABHO €ro
gaune: A((a,b)) = b— a. Oma mepa HasbBaemcs. mepol Jlebeza.

3mo ymBepicderue s8asemcs caedcmBuem meopemsi Kapameodopu o npodosxceHuu mepsl ¢
anzebpsl Ha o-aneebpy, npumernumensHo k (R, B). Cm. A.H.Konmoropos, C.B.domuH, @yrkyu-
oHanbHeil aHaaus inv A.A.BopoBkoB, Teopus BeposmHocmed.

WTak, MBI OTPAHUYUAN HAOOP COOBITUM TOABKO MHOKECTBAMHU U3 KaKOU-HUOYAB 0-aATeOpBI
COOBITUN. MBI TOTPebOBaAH, YTOOBI BEPOSITHOCTL ObIAA PYHKITUEN MO/16KO Ha MHOKECTBE CO-
owbrTuti. [Toka>keM, 4TO 3TO HEOOXOAUMO: TOCTPOUM NPHUMEP MHOXKECTBa Ha OTpe3Ke, Mepa
Aebera KOTOPOTO (KAAMHA») IPOCTO He CYIIEeCTBYeT (MHOXXeCTBO Burann).

To ecms: ecau paccmompems 6pPOCAHUE MOYKU Haydady Ha ompe3ok, mo Beiducaume Bepo-
AamHocme nonadaHus moyku B ykasaHHoe mHoxcecmBo B coomBemcmBuu ¢ 2eomMempuyecKol
BeposamHOCMbI0 Heab3s. 3HaYum, 3mo MHOXCecmBo He/b3s cyumame cobelmuem — Mol He
ymeem Borqucaume e2o BeposmHocmes!

ITpumep 14. PaccMOTpyUM OKPY’KHOCTb €AMHUYHOTO PAArUyca (PeaAbHO 3TO TOT JKe OTpe-
30K [0,27]). BosbMeM Ar0GO€ HMppaIMOHAABHOE YKUCAO . ITOCKOABKY OHO HMPPAIMOHAABHO,
YHCAO N« He SBASIETCS IeABIM HU ITPU KaKoOM I1eAoM 1 # 0 (TO eCTb YMCAO 27na paBHO 27k
AL OPU 1 = k).

[TosTOMY €CAM B3STh NPOU3BOABHYIO TOUYKY x € [0,27], TO €CThb TOYKYy Ha OKPYKHOCTH,
U NEePEYnCAUTh BCE TOYKH, KOTOPBIE IOAYYAIOTCS IIOBOPOTOM TOYKU X HA YIOA 27Tnq, N =
+1,+2,..., To MBI HU pa3y He BEPHEMCH B TOUYKY Z. TO4YeK, IIOAYUYUBIINXCHA U3 TOUYKU T Ta-
KHMU [IOBOPOTaMH, C4yeTHOe 4uCAO. OOBepAUMHUM UX B OAUH Kaacc. C AI0OOU APYroM TOYKOU
OKPY’KHOCTH MOJKHO TOJK€ CBA3aTh KAACC TOYEK, ITOAYYAIOIINXCSA U3 Hee IMOBOPOTOM Ha YTOA
2mna TpU KakKoOM-TO n € Z.

To ecmeb Bcs okpyxcHocme pazbuBaemcs Ha Kaaccel moyek. B kaxcdom kaacce cuemHoe 4ucsao
moyek, u Bce moyku B 00HOM Kaacce nosayyatomces opye u3 opyaa makumu noBopomamu. [lpusem
MU KAGCCbl HE NEPECEKAIOMCH.

MHokecTBO Ay OIPEAEAMM TaK: BO3bMEM M3 Ka’*KAOTO TAKOTO KAAacCa POBHO IIO OAHOM

Touke. [lycTb MHO>XeCTBO A, IOAydYaeTCs IIOBOPOTOM BCeX TOUYeK MHOXecTBa Ag Ha yroa
2mna, n = +1,+2,....

Tak kak Bce mouku 00HO20 KAGCCA MOXCHO noayyums, noBopayuBas AL6YO U3 HUX HA Y20/

2mno, n = £1,42,..., a 8 mHoxwecmBe Ay co6parHo no 00HOU MoYKe U3 Kaxd0ozo Kaacca, mo
noBopa4uBas smo mHoxcecmBo, noaydum Bce moyKU OKPYICHOCMU.
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o0
OueBupno, uto | J A, = [0,27]. [IpeamorokuM, 4TO AeberoBa Mepa (KAAMHA») MHOKe-
n=—o00
ctBa Ag CyliecTByeT. 3aMeTHM, YTO TOTAQ BCE MHOJXKeCTBa A, MMEIOT Ty JKe Ae0GeroBy Mepy,
TaK KaK TMOAYYeHBl U3 Aj moBopoToM. UM Tak Kak BCe 3TH MHOXKECTBA He MepeceKaroTCsi, TO

Mepa ux O6’B€AI/IHQHI/IH pPaBHa CyMMe UX Mep:

=X |J 4n]= D M) = D M4y =0

n=—oo n=—oo n=-—00

[MoAayueHHOE TPOTUBOpPEUYNE O3HavaeT, 4To AeberoBa Mepa, AU AAMHA MHOJKeCTBa Ay He cy-
wecmByem.

Ynpaxcuerue: kakumu cBolicmBamu «daunels (unu mepel Jlebeza) moi BocnonssoBanuce 8 amom
npumepe?
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Pazpen 4. YcaoBHasi BepOSITHOCTh, HE3aBUCHUMOCTD

4.1 YcaoBHas BepOSITHOCTh

ITpumep 15. KyOuk nmopbpachiBaeTcsl OAMH pa3. /3BecTHO, UTO BHIIaAO OOAee TpeX Od-
KoB. KakoBa IIpH 3TOM BEPOSITHOCTb TOTO, YTO BHIIIAAO YETHOE YHCAO OYKOB?

B AaHHOM CcAydYae IPOCTPAHCTBO YIAEMEHTAPHBIX NCXOAOB COCTOUT M3 TPEeX PABHOBO3MOXK-
HBIX DAE€MEHTapHBIX UCXOA0B: ) = {4,5,6}, u coOpITHi0 A = {BBITAAO YETHOE YHUCAO OYKOB}
6aaronpusTcTByioT 2 u3 Hux: A = {4,6}. TToaromy P(A) = 2/3.

[locMoTpuM Ha 3TOT BOIPOC C TOUKM 3peHUs IIepBOHAYAABHOIO JKCIepuMeHTa. [Ipo-
CTPAHCTBO AAEMEHTapHBIX MCXOAOB IIPU OAHOM ITOAOpPAcHIBAHUU KyOHWKa COCTOUT U3 IECTHU
touek: = {1,2,3,4,5,6}. CaoBa «M3BECTHO, YTO BBIIIAAO OOAEe TPeX OUYKOB» O3HAYAIOT,
YTO B 9KCIIEPUMEHTe NMPOU30IIA0 coObiTrie B = {4,5,6}. CaoBa «KaKoBa IpPU ITOM BEpO-
ATHOCTb TOT'O, YTO BBIIIAAO YETHOE YMCAO OYKOB?» O3HAYAIOT, YTO HAC MHTEpeCcyeT, B KaKOu
AOAE CAyYaeB MPU OCYIIeCTBAeHUM B mpoucxopuT n A. BepoaTHOCTb cOOBITHST A, BEIYMCAEH-
HYIO B IIPEAIIOAOKEHHNH, YTO HEYTO O Pe3yAbTATe 3KCIIEPUMEHTA y’Ke M3BECTHO (COObITHE B
IIPOU30IIAO), MBI OyAeM 0003Ha4YaTh yepe3 P(A‘B).

MBI XOTMM BBIYMCAUTH OTHOIIEHHE YHCAQ UCXOAOB, OAQronpHUATCTBYIOIMUX A BHyTpu B
(To ecTb GAQTOIPUATCTBYIOIINX OAHOBPeMeHHO A U B), K YUCAY UCXOAOB, OAQTOIIPUATCTBYIO-
nux B.

2 2/6 P(ANB)
PAB) =5 =5/ = rB)

Kakoe omHoweHue mpebyemcs Bblducaume, €Cau 3/1eMeH-
mapHeie ucxodel He ABaaomcA PaBHOBO3IMONCHbIMU?

Onpepenenue 15. YCAOBHOM BEpOSTHOCTBIO COOBITHS A, IPU YCAOBUH, YTO IIPOMU3OIIAO
coObBITHE B, Ha3bIBAETCS UUCAO

P(AN B)

P(AIB) = =5

ByaeM cuuTaTh, 9YTO YCAOBHASI BEPOSITHOCTH OIIPEAEAEHA TOABKO B CAydae, Koraa P(B) > 0.

Chepytolriee CBOMCTBO HA3bIBAETCS '"TeOPEMOM YMHOKEHUS

Teopema 6. P(AN B) = P(B)P(A|B) = P(A)P(B|A), ecau coomBemcmsytowue ycaoBHblE
BeposimHocmu onpegeaenbl (mo ecmb ecau P(B) > 0, P(A4) > 0).

TeopeMa YMHO>KEHHS AT GOABIIIETO YHUCAA COOBITHIA:

Teopema 7. P(Al NAsN. .. ﬂAn) = P(Al)P(AQ‘Al)P(A3|A1 ﬂAQ) S P(An‘Al n... mAn—l),
ecAu coomBemCcmBYylOWue YCAOBHblE BEPOSIMHOCIMU ONPEJEAEHbL.

Alokazame meopemy 7 memodom mamemamu4eckol UHOYKYUU.

4.2 He3aBUCHUMOCTH

Omnpepenenune 16. CoObiTusi A u B Ha3BIBAIOTCST HE3ABUCUMbIMU, €CAT

P(ANn B) =P(A)P(B).
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IIpumep 16.

1. Touka c KoopauHaTamu &,7 OpocaeTcss HayAauy B KBaApaT cO CTOpoHOM 1. AoKaszarh,
9TO AASI AFOOBIX 2,y € R cobbitust A = {{ <z} u B = {n < y} HE3aBUCUMEHI.

2. Toura c KooppuHaTamu &,7 OpocaeTcs Haypady B TPEYTrOABHUK ¢ BepiruHamu (1,0),
(0,0) u (0,1). Aokasatb, uto cobbitust A = {£ < 1/2} u B = {n < 1/2} 3aBucumsl.

n n
1 1

N[

T 1 ¢

P

1. Paccmorpum z,y € [0,1] (pazobpame ocmansneie caydau). Buaum, uto P(A) = z,
P(B) =y, P(ANB) = x -y, Tak 4to coobtusa A = {{ <z} u B = {n < y} He3aBUCUMEHI.

2. Ha pucynke coObiTe A 3alITPUXOBAHO 3€AEHBIM, COOBITME B — cuHuUM. Buanwm,
ato P(A) = 3/4, P(B) = 3/4, P(AN B) = 1/2 # (3/4)?, Tak uro coGetus A = {£ < 1/2} u
B = {n < 1/2} 3aBUCUMEI.

Aokazame, ymo npu x ¢ [0,1] unuy & [0,1] cobeimus A = {{ < z} u B = {n < y} He3aBucumei.

3ameuanue 7. Ecau coObiTusi A 1 B HECOBMECTHBI, TO OHU HE3aBHUCHUMBI, €CAU U TOABKO
ecau P(A) =0 uam P(B) = 0.

Hokazamel!

ChaepctBue 2. Ecau P(B) > 0, mo cobbimus A u B He3aBUCUMBL <> P(A|B) =P(A).
Ecau P(A) > 0, mo cobsimust A u B nesasucumbt <= P(B|A) = P(B).

Hoxazame cnedcmBue, nonv3aysce onpedesneHuem ycaoBHol BeposmHocmu.

AemMma 2. Ecau cobbimuss A u B He3aBucumbl, mo He3aBucuMbl u cobmimusi A u B,
AuB, Au B.

AokazareabcTBo. Tak kKak A = ANB|JANB, u cobbituas ANB u ANB HecoBMeCTHHI,
10 P(4) = P(ANB) + P(ANB). Mostomy P(ANB) = P(A) — P(ANB) = P(A) — P(A)P(B) =
P(A)(1 —P(B)) = P(A)P(B).

BoiBecmu omctoda Bce ocmansHbie ymBeprcoeHus. [

Omnpepenenne 17. CoObiTus A, ..., A, Ha3bIBalOTCs He3aBucumoeimu B coBokynHocmu, ec-
AU AAST ATOOOTO Habopa 1 < iy,...,i <N

3ameuanne 8. Ecau cobwrtus Aj, ..., A, He3aBUCHUMBI B COBOKYITHOCTH, TO OHU IIOIIapPHO
HE3aBUCHUMEBI, TO €CTh AIOOBIe ABa coObITHSA A;, A; He3aBUCHUMBI. AOCTATOUYHO B paBeHCTBe (6)
B34Th k = 2. OOpaTHOe, KaK IIOKa3bIBaeT CAEAYIOIIUM IIpUMeEpP, HEBEPHO.

IIpumep 17 (IIpumep C. H. BepHiuTeiHa).

PaccMoTpuM TpaBUABHBIM TeTpPa’sAp, 3 TPaHM KOTOPOTrOo OKpallleHbI, COOTBETCTBEHHO, B
KPAaCHBIN, CUHUY, 3€A€HLIN IIBETa, a YeTBepTasi IpaHb COAEP)XKUT Bce Tpu IiBeta. CobniTue A
(B, () o3HauaeT, 4TO BBINIaAa T'PaHb, COAepPIKalllas KPacHBIM (CMHUM, 3eA€HBIN) ITBEeTa.

BeposATHOCTH Ka’kKAOTO U3 3THX COOBITMM paBHa 1/2, Tak Kak Ka’KABIN IIBET eCTh Ha ABYX
rpaHsax U3 YeTblpeX. BeposATHOCTL mepeceueHUs: AIOOBIX ABYX M3 HHUX paBHa 1/4, Tak Kak
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TOABKO OAHA I'PaHb COAEP)KUT ABa I[BeTa. A Tak Kak 1 / 4=1/2-1/2, To Bce COOBLITHUS TIOTIAPHO
He3aBUCHUMBI.

Ho BeposTHOCTEL niepecedyeHmnss BCeX TpexX TOXKe paBHa 1/4, a ve 1/8, To ecTh COOBITUS HE
SABASIFOTCSI HE3aBUCUMBIMU B COBOKYIIHOCTH.

3aMeTbTe, 9YTO PaBEHCTBO (6) BBIIOAHEHO AAS k = 2, HO He BBIIIOAHEHO AN Kk = 3.

4.3 dopmyaa MOAHOW BEPOSITHOCTHU

ITpumep 18. EcTe 3 3aBOAQ, IPOU3BOAAIINX OAHY U Ty Ke npoapyknuto. I'lpu stom 1-i 3a-
BOA TPOU3BOAUT 25%, 2-11 3aB0OA — 35% u 3-1 3aBop, — 40% Bcel IPOM3BOAUMOM IIPOAYKIINU.
Bpak coctaBageT 5% OT nmpoayknuum 1-ro 3aBopa, 3% OT IPOAYKLHU 2-TO U 4% OT HPOAYKLIIUU
3-ro 3aBOAA.

Bcs mpoayKnus cMelImBaeTcd U MOCTyHaeT B MpoAaXy. HalTu a) BEposATHOCTH KYIUTh
OpaKOBaHHOE u3peAne; 0) YCAOBHYIO BEPOSATHOCTB TOTrO, YTO KyIIA€HHOE H3AeANe U3TOTOBAe-
HO 1-M 3aBOAOM, €CAU 3TO HU3AeAre OpaKoBaHHOe.

IlepBas BepOATHOCTH paBHA AOA€ OPAKOBAHHBIX M3AEAUMN B OOBbeMe BCEU NPOAYKIIWH, TO
ecthb 0.05-0.2540.03-0.3540.04-0.4. Bropas BepOSTHOCTL pPaBHa AOAe Opaka 1-To 3aBopa cpeaun
Bcero Opaka, TO eCTb

0.05-0.25
0.05-0.25 + 0.03:0.35 + 0.04-0.4°

Omnpepenenne 18. Habop momapHO HECOBMECTHBIX coObITMU Hi,Ho,... Takux, 4TO
o0

P(H;) > 0 ppst Bcex @ u | J H; = (2, HasbiBaercs nosHol epynnol cobeimul Au pa3bu-
=1
eHuem npocmparHcmBa ).

CoOritua Hi, Hg, ..., 0Opa3ymlliye IOAHYIO I'PYIITY COOBITHM, YaCTO HA3BIBAIOT aunomesa-
mu. Tlpy TOAXOAAIIIEM BBEIOOpPE THUIIOTE3 AASL IPOM3BOABHOTO COOLITHUSI A MOTYT OBITH CPaBHU-
TEABHO ITPOCTO BBIYMCAEHBI P(A|Hi) (BepOSTHOCTL COOLITHIO A MPOU3OUTH MIPU BBHIITOAHEHUU
«runotesbl» H;) u cobctBeHHO P(H;) (BepOSITHOCTH BHITOAHEHUs «Tunoresbl» H;). Kak, uc-
IIOAB3YSl 9TH A@HHBIE, IOCUUTATh BEPOSITHOCTL COOBITHS A?

Teopema 8 (Popmyaa MOAHONM BEpPOSITHOCTH).

Ilycmb Hy, Hs,... — noaHaa rpynna coorimul. Torga BeposamHocmb AX0O0OT0 cOObl-
musi A moxxem 6blMb BbIYUCAEHA NO (POPMYAE:

P(A) = P(H;)P(A|H;).
=il

oo o0

AoKazareAabCcTBO. 3aMeTuM, uTo A = ANN = AN (U Hl> = U AN H; u cobertus
i=1 i=1

ANH;,AN Hy,... IOTIapHO HECOBMECTHHEIL. [l03TOMYy (MCIIOAB3yEM B IIEPBOM PaBEHCTBE O-

AAAVUTHBHOCTD BEPOSITHOCTHOM MepHI (@ ymo 3mo?), a BO BTOPOM — TeOpeMy YMHOKEHUS)

P(A) = iP(AﬂH,-) = iP(Hi)P(A}Hi). O
i=1 =1
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4.4 ®opmyaa baiieca

Teopema 9 (Popmyaa baiieca).

Ilycmb Hy, Hs,... — noaAnas rpynna coobimuli u A — Hekomopoe coOblmue NoAo-
JKumeAbHOU BepossmHocmu. Torga ycAOBHQA BeposamHOCMb MOro, 4mo UMEeAO Mecmo
coobimue Hy, ecau B pesyAbmame 3KcnepumeHma HAOAI0garoCh cobbimue A, moxem
Oblmb BBIYUCAEHA NO (hOpMYAE:

P(H})P(A|Hy)
>, P(H:)P(A|H;)

P(Hy|A) =

AokazareabcTBO. [To oIpepereHUIO YCAOBHOM BEPOSTHOCTH,

. P(Hk M A) _ P(Hk)P(A‘Hk)
P(H|4) = P(A) X2, P(H:)P(A|H;)

[TocrepHee paBeHCTBO CAEAYET M3 TeOpeMbl YMHOKeHUS U (POPMYABI IIOAHOM BEPOSTHOCTH.
O

ITpumep 19. BepHemcsa K npuMepy 18. VM3aeare BrIOUpaeTcs HayAauy U3 BCeM MPOU3Be-
AEHHOU IpoayKIuu. PaccMoTpuM Tpu runotesnl: H; = {U3AeAre U3rOTOBAEHO i-M 3aBOAOM },
i =1,2,3. BeposiTHOCTH 3TUX COOBITHH AaHBL P(Hp) = 0.25, P(H2) = 0.35, P(H3) = 0.4. ITycTtb
A = {m3peane okazanoCh GPaKOBaHHBEIM}. AQHBI TaK)Ke YCAOBHBIE BEPOSITHOCTH P(A‘Hl) =
0.05, P(A|Hz2) = 0.03, P(A|Hs) = 0.04.

Y6edumecs, umo noayuerHole Hamu BeposmHocmu 8 (a) u (6) coBnadarom ¢ BeposmHocms-
Mu, BblqucaeHHbIMU NO ghopmyse noaHou BeposmHocmu u ghopmyne baiieca.

ITpumep 20. ABa cTpeaka IOAOPACHIBAIOT MOHETKY W BEIOMPAIOT, KTO U3 HUX CTPEASET 110
MUIIeHU (OAHOU myAel). [lepBBIN CTPEAOK IONAAAeT 110 MUIIEHU C BEPOSATHOCTHIO 1, BTOpO
ctperok — ¢ BepogaTHocThio 0.00001. Mo>XHO cAeAaTh ABa IPEAIIOAOKEHUS 00 dKCIIEpUMEH-
te: H; = {crpeasier 1-11 cTperok} u Hy = {cTpeasieT 2-i1 CTpeAoK}. AmnpuopHble (a'priori —
«AO OIBITa») BEPOSITHOCTH 3TUX TUIMOTe3 oAuHaKoBwl: P(Hp) = P(Hy) =1/2.

PaccmorpuMm cobbite A = {nmyAs momana B MuilleHb}. M3BecTHO, 4TO

P(A|H1) =1, P(A|H3) = 0.00001.

[ToaTOMY BEPOSITHOCTD IIyA€ IomacThb B MutiieHb P(A) = 1/2-1+41/2-0.00001. TTpeaoroRuM,
yTo coOniTe A mpousomirno. KakoBa Temephb amocTepuopHas (a'posteriori — «Ilocae OmBI-
Ta») BEPOSITHOCTb Ka’KAOU M3 runorte3d H;? OueBUAHO, YTO II€pBasd W3 3TUX TUIIOTE3 MHOTO
BepogaTHee BTopou (a mmeHHO, B 100000 pa3). AelCTBUTEABHO,

1/21 1

_ _ . 1/2:0.00001 0.00001
~ 1/2:1+1/2:0.00001 1+ 0.00001"

(H]4) 1/2-1 4 1/2:0.00001 1+ 0.00001

P(H1|A)
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Pa3zpen 5. Cxema bepHyaan

5.1 PacrnpepeneHue UncAa yCexXoB B 71 MCIIBITAHUSIX

Omnpepenenne 19. Cxemod bepHysnau Ha3BIBaeTCS TOCAEAOBATEABHOCTE HE3aBUCUMBIX HC-
IBITAHUY, B K&’KAOM M3 KOTOPBIX BO3MOJKHEL AUIIIb ABA MCXOAQ — «yCIIeX» U «HeyAada», Ipu
9TOM «yCIIeX» B OAHOM HCIBITAHUU IIPOUCXOAUT C BEPOSTHOCTBIO p € [0, 1], «Heypaua» — C
BEPOATHOCTBIO ¢ = 1 — p.

Teopema 10 (Popmyara bepuyaan).

O6o3nauum uepes v, YUCAO yCNEXoB B n ucnblmaHusx cxembl bepnyaiu. Torga gas
Awboro k=0,1,... ,n

P(vn = k) = CF pF (1 —p)"F = CF pF ¢" "

AokazatersctBo. Cobeitne A = {1, = k} o3Hauaer, 4TO B N UCHLITAHUAX CXeMbl bep-
HYAAUM IIPOM3OIIAO POBHO k ycmexoB. PaccMOTpuM oAMH 13 GAQrONpPUSATCTBYIOIIUX COOBITHIO
A sAeMeHTapHBIX UCXOAOB: (¥, ¥, ..., ¥, H, ..., H). 3AeCh OyKBaMM «y» M «H» 00O3HaUYEHH,

—_—
k n—k
COOTBETCTBEHHO, YCIIEITHBIM M HEYAQUHBIM PE3YABTATHl UCHBITAHUU. [TOCKOABKY MCIBITAHUSA
HEe3aBUCUMBI, BEPOSITHOCTb TAKOI'O 3AE€MEHTAPHOI'O UCXOAA (IepBble k MCHBITAHUU 3aBEPIIN-
AWICH YCIIEXOM, OCTaAbHBIE Heypaueit) pasua pF (1 — p)" "

Apyrue OAQronpuATCTBYIOLINE COOBITHIO A 3AeMeHTapHBle MCXOABI OTAMYAIOTCS OT pac-
CMOTPEHHOTO BEIIIIe AWIIb PACIOAOKeHUeM k ycrexoB Ha n Mectax. Ectb posHO CF crioco6os
PacTIOAOKUTH k yCIexoB Ha n MecTax. IloaTomy cobertue A coctout uz CF sremenTapHBIX
HICXOAOB, BEPOSTHOCTh Ka’KAOTO U3 KOTOPhIX paBHa p* (1 — p)”_k.

g

Omnpepenenue 20. HaGop uwncen {C,’j Pk (1 —p)n_k,k =0,1,... ,n} Ha3BIBACTCST GUHOMU-
aneHeimM pacnpedeneHuem BeposmHocmel u o6o3Havaercs By, , uau B(n, p).

5.2 HaubOoaee BepOSITHOE YUCAO YCIIEXOB

ITo popmyre Bepryarn, cobbiThe «IIpon30MIA0 0 yCIIEXOB B 1 UCHBITAHUIX» UMeET Be-
poOSITHOCTB ¢", 1 ycmex — BeposiTHOCTh npq” ! u T.o. Kakoe e 4MCAO yCIexXoB Haubosee
BepossimHo? VHaue roBops, Ipu KakoM k AocTHraercss MakcumyMm P (v, = k)?

UTOOBI BHISICHUTH 3TO, CpaBHUM oTHoieHue P(v, = k) u P(v, = k — 1) c eauHHIEH.

Pvn=k) _  nl  (k=Dln—k+1) pkg»*
P(Vn =k— 1) B k'(n— k?)' n! pk—lqn—k+1 -
= (n—k+1)p:1+ (n_k+1)p—1:1+w‘
kg kq kq

BuauMm, uTo
@ Pv,=k)>Pu,=k—1)upunp+p—k >0, to ectb ipu k < np + p;
(b) Py, =k)<P(y,=k—1)npunp+p—k <0, To ectb ipu k > np + p;

() P(v,=k)=P(v,=k—1) upunp+p—k =0, 9T0 BO3MOKHO AHIIb ECAH NP + p — IIeA0e
YKCAO.
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PaccmoTrpuMm ABa caydas: np+p € Z u np +p ¢ Z. B nepBoM caydae mycThb kg = np + p.
13 TOAyYEeHHBIX BBINIIE HEPABEHCTB CPa3y CAEAYET, UTO

(a) (b)
< Pp=ko—2) < Pp=hko—1) & Prn=ko) > Prn=ko+1) >
Bo BTOpOM cAydYae mycThb kg = [np + p] (Ileaast 9acTh 4uCAa np + p, TO €CTh HAUOOABIIIEE I[eA0e
YUCAO, He IpeBocxoadiee np + p). Vi3 HepaBeHcTs (a),(b) caepayer, uto

(a) (a) (b)
< Plp=ko—2) < Plon=hko—1) < Plun=kho) > Plrn=ho+1) >

AevicTBUTEABHO, HepaBeHCTBO P(v, = ko) > P(v, = ko + 1), Haupumep, caepyet u3 (b), npu-
MEHEHHOTO AN k= ko + 1 > np + p.

BuAMM, 9TO B 3aBHCHUMOCTH OT TOTO, SIBASIETCSI UUCAO NP + P IIEABIM UAU HET, UMEeeTCsI An6O0
ABa PaBHOBEPOSITHBIX «HanOOA€e BEPOSITHBIX» YKUCAQ YCIEXoB kg = np+pu ko—1=np+p—1,
AMOO OAHO «HAaMOOAEe BepOSITHOE» YKMCAO yCIexXoB ko = [np + pl.

CdopMyanpyeM y>ke AOKa3aHHOE YTBEPKACHUE B BUAE TEOPEMBI.

Teopema 11. B n ucneimanusax cxembl bepryAAUu ¢ BEpOSAMHOCIMbIO ycnexa p Hauboaee
BEpPOSIMHBIM YUCAOM YCNEXOB SIBASIEMCS

a) eguncmBeHHOe yucao ko = [np + p|, ecau uucro np + p He yeroe;

6) gBa uucaa kg =np+puky—1=np+p—1, ecau uucao np + p yeaoe.

Vropakaenue 5. PaccMOTpeTh rpauK BepOITHOCTeN OMHOMHUAABHOI'O PACIpPEAEAEHUSd U
YBUAETH YTBEPSKAEHHME TeOpeMhbl Ha rpaduxe.

Hanpumep, aopnda n = 30 u p = 0.2 Bepodr-
HOCTU HapHCOBAHBI CAEBA.

0.16

.52

.08

0.04

o7 224 26 7 3893 0129314271617 181920

IMpumep 21. Ecau p = ¢ = 1/2, TO IpU 4eTHOM YKUCAE UCIBITAHUHN 1 YUCAO np+p = n/2+
1/2 ¢ 7. — He 11leA0e, TaK UYTO HaubOAee BEPOSTHBIM SIBASIETCSI €eAMHCTBEHHOE YHCAO YCIIEXOB
[n/241/2] = n/2. YTO COBEPIIEHHO TOHATHO, TaK KaK €CTh HEYETHOE YKCAO BO3MOKHOCTEN —
noAayuuts 0,1,... ,n yCIeXoB, IpUYeM BEPOSITHOCTU IIOAYUUTL k U n — k yCIIeXOB OAUHAKOBHI.

[Tpyu HEUYEeTHOM ’Ke YKMCAe WUCIBITAaHUM n YUCAO np +p = n/2 + 1/2 € Z — neaoe, Tak 4ToO
HanboAee BEPOSITHBIMU (M OAMHAKOBO BEPOSITHBIMU) SIBASIIOTCSI ABa 4HMCAQ YCIIeXOB n/2 + 1/2
un/2—1/2.

5.3 Howmep nepBoro ycnemrHoro MCHbITaHUs

PaccmoTrpum cxeMy BepHYAAM C BEPOATHOCTBIO yClieXa p B OAHOM HCIBITaHWU. VcnbI-
TaHUS MPOBOAATCS AO IOIBAEHHUS IIEepBOTO ycCIlexa. BBepeM BeAWUYUHY 7, IPUHUMAIOIIYIO
s3HaueHus u3 {1,2,3,...}, paBHYIO HomMepy nepBo2o ycnewHoao ucnbimaHus.
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http://www.nsu.ru/mmf/tvims/chernova/PlotProb.html

Teopema 12. BeposmHocmbs moro, umo nepsblli ycnex npousotigem B UCNAIMAHUU C HOMe-
pom k€ N={1,2,3,...}, pasna P(t = k) = p ¢*~ 1.

AokaszaTeabcTBO. AeiictBuTeAbHo, P(T = k) =P(n, B, ..., H,y) = p ¢* L. O
k—1

Onpepenenue 21. HaGop uuncea {p qk_l, k = 1,2,3,...} Ha3bIBaeTCI 2€0MEMPUYECKUM
pacnpedeneruem BeposmHocmel u o6o3Hadaercst G, uru G(p).

FeoMeTpuueckoe paclpepereHUe BepOsITHOCTeM o6aapaeT WHTepeCHBIM CBOWCTBOM, KO-
TOpOe MO’KHO Ha3BaThb CBOWCTBOM «HeCTapeHWs». [lycTb BeAmumHa 7 O000O3HAYaeT, CKakeM,
BpeMsi 0e30TKa3HOM paboThl (M3MepsieMOe IIeABIM YHUCAOM 4YacOB) HEKOTOPOTO YCTPOMCTBA.
[TpeATIOAOKHM, UTO AAST BEAUYHMHBI T BEPOSITHOCTDL IIPUHSATH AIOOO€ CBOe 3HaueHue k B TOU-
HoCcTH paBHa p ¢"~!. CrpaBepAMBO cAepyIolliee yTBepKAEHHE.

Teopema 13. ITycmb P(t = k) = p ¢*! gas awoboro k € N. Torga gasi npousBoAbHbIX
n, k>0
P(r>n+k | T>n)=P(r>k).

AaHHOMY paBeHCTBY MOJKHO IPUAATH CAEAVIOllee 3ByUYaHUe: ecau u3BecmHo, 4mo ycmpod-
cmBo yoce npopabomaso 6e3 omkasza n yacoB, mo BeposmHocme emy pabomame ewe He MeHee
k wacoB mo4yHo makas e, Kak BeposmHocme npopabomame He meHee k yacoB 015 HoBoz2o
ycmpolicmBa.

MoO>KHO TpPoYecThb 3Ty (DOPMYAY M Tak: BeposmHocme pabomarousemy ycmpolicmBy npo-
pabomame ewe ckonbKo-mo 4yacoB He 3aBucum om moz20 MOMEHMA, KO20a Mbl HAYaAu omcyem
BpemeHu, uau om moeo, CKO/bKO Yxce pabomaem ycmpolicmBo :-).

AokazaTteabcTBO. 1o OIIpepeAeHUuIo YCAOBHOM BEPOSITHOCTH,

P k P k
P> nt k| 7>n)= <T>P7(LT+>;5>”>: <;(jg;) ), ®

[TocaepHEE PABEHCTBO CAEAYET U3 TOTO, UTO coObiThe {7 > n + k} BAeueT coObiTue {7 > n},
TaK 4TO IlepecedyeHre 3TUX COOBITUN ecThb {7 > n + k}. HalipeM Aas mpousBoAbHOTO m > 0
BEpPOSITHOCTE P(7 > m).

P(r >m) = i P(r=1i)= i pqiilzgzqm.

i=m-+1 i=m-+1

MoxcHo makace 3amemume, ymo cobsimue {T > m} osHayaem, ymo B8 cxeme bepHyanu nepBoie

m ucnelmaHul 3aBepuwunuce «Heydayamus», a 3mo cobbimue umeem BeposmHoCcCMb KAk pas q™.
BosBpamasacs K (7), noAyuyuM

P k n+k
Pr>n+k|7>n)= (;(j:j;)):qqn =¢" =P(r > k). O

5.4 TIpuOAMIKeHHue runepreoMeTpuYeckoro pacipeAeAeHus
OMHOMHAABHBIM

PaccmoTtpum ypHY, copepskallyio N IIapoB, U3 KOTOPHIX K 1IapoB — OeABle, @ OCTaB-
mmecas N — K mapoB — d4YepHble. M3 ypHBI HayAauy (06e3 BO3BpallleHUs1) BBEIOMPAIOTCA n
mapoB. BeposTHOCTb Py K (1, k) TOTO, 9TO GYAET BHIOPAHO POBHO Ak GEABIX U n — k YEepPHBIX
11IapOB, HAXOAUTCS IO POPMYyAe (CM. OoIpepereHUe 8§ rHIepreoMeTpPUUECKOro pacipepereHus

BEPOSITHOCTEMN):
Py i (n, k) = ==
N
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EcAm umcAo mapoB B ypHe OUYeHb BEAWKO, TO U3BA€UEHUE OAHOTO, ABYX, TPeX IIapoOB IIOYTHU
He MeHseT IIPONOPINIO GeABIX U YepPHBIX IIapOB B YPHE, TaK 4TO BePOATHOCTH Py k(n, k) He
OYeHb OTAWYAIOTCSI OT BEPOSITHOCTEN B IIpOIlepAype BeiOopa ¢ Bo3BpaujeHuem:

P(moAy4uTh poBHO k GeAbIX IIapOB IPU BEIOOPE 1 IIAPOB C BO3BPAIEHUEM) =

K k K n—k
ck( = 1-— .
N N
CdopmyaupyeM U AOKaKeM HAIly IIEPBYIO IPEAEABHYIO TEOPEMY.

Teopema 14. Ecau N — oo u K — oo mak, umo K/N — p € (0,1), mo gas A100bix
¢guxcupoBaHubx n, 0 < k< n
Ck Cm—k
Py (n, k) = w — Chpb (1—p)*.
Cy
AokazaTteAbcTBO. HaM TOHAAOOSATCS CAEAYIOIINEe OlpeAeAeHre U CBOMCTBO.

Onpepenenne 22. [OBOPSAT, UTO ITOCAEAOBATEABHOCTH a, U b, aCUMIITOTUYECKHN 3KBUBA-
A€HTHBI, U IUIIYT a, ~ b,, ecan

On
— — 1 npu n — oo.

bn
CaotiicTBO 4. CAegywmue nocaegoBameAbHOCIMU acuMnmomuieCKu 3KBUBAAEHIMHDL!
Kk
K

AoKazaTreabCcTBO. AeNCTBUTEABHO, PACCMOTPUM OTHOIIIEHHWE YAEHOB 3TUX IMOCAEAOBATEAD-
HOCTeHu

Cch ~ npu K — oo.

Ck k! K! k! KK -1)...(K—k+1)
Kt k(K —k)! KF K*

— 1 mopu K — oo,

IIOCKOABKY IIPEAEA IIPOM3BEAECHUS KOHEYHOTO 9MCAa k IOCAEAOBATEABHOCTEHM, CXOAAIIUXCS K
1, paBeH 1. ]

N7 N - K n—k
CaeactBue 3.  C} ~ e N — o0, CRZf ~ ﬁ

Vopakaenue 6. Ilouemy N — K cTpeMuTCA K O€CKOHEYHOCTH ¢

npu N — K — .

Bocmoab3yemcs Tenepb CBOMCTBOM 4 U CAEACTBHEM 3:

Ck Ok KRN - K)nk pl

P k = - -—— vV =
wamb) = = K (n—k! N°
Kk (N _ K)n—k K k K n—k
k2 Y k2 B k. k(1 _ \n—k

Mgt moayunan, 9To Py i (7, k) aCUMOTOTUYECKH SKBUBAACHTHO BBIPA’KEHUIO, CXOAAIIEMY-
Ccd K Cfi p* (1- p)"~* npu ctpemaenun N (1 K B 3aBUCHMOCTH OT N) K 6eCKOHEUHOCTH.
OcTanoch BCIIOMHUTH M AOKa3aTh CBOMCTBO:

Ceoiicteo 5. [lycms ay ~ by, u cywiecmsByem lim b,. Torga cywecmByem u lim a,, u smu
n—oo n—oo
npegeanl copnagarom: lim a, = lim b,.

n—oo n—oo
Vopakxneuue 7. AoKazaTb CBONCTBO J.

ITo cBotictBy 5, mpu N — oo u K — oo tak, yro K/N — p € (0,1), cymecrByer
lim Py g (n,k) = CF pk (1 —p)n*. O
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5.9 He3zaBucuMbie UCOBITAHUSA C HECKOABKUMHU HCXOAAMHU

PaccMoTpuM caepyromuil IpuMep, KOTAA M3 ABYX OYeHBb IIOXOJKUX BOIPOCOB HA OAUH
MOJXKHO OTBETUTH, IIOAB3YACh (DOPMYAOU DepHyAAH, a AAS APYTOrO 3TOU (POPMYABI OKa3bIBa-
eTCsl HeAOCTaTOUHO:

ITpumep 22. WrpanrbHas KOCTb ITopOpackiBaeTcd 15 pa3. HallTu BepOITHOCTU CAEAYIOIIUX
COOBITUH:

a) BeInIaAeT poBHO 10 mrectepok; ©O) BeIIapaeT pPoBHO 10 1IeCTEpPOK U TPU €AUHUIIHL.

PewewHue:

a) ecTtb 15 mcnblTaHuM cxeMbl BepHyAAN € BepOATHOCTBIO yclexa 1/6 (BEIIapeHUe Iile-
cTepku). BeposiTHOCTE AecATH ycIexoB B 15 ncnbitanusx pasHa CpY (%)10 (1- %)5;

0) 3Aech Ka’kpOe UCHBITaHHEe MMeeT TPU, @ He ABa MCXOAAQ: BHIMTaAeHUWEe IIIeCTePKU, BhI-
aAeHue eAVHUIIB], BBITAA€HNE OCTAABHBIX paHel. Bocmoab3oBaThCcsd OPMYAOM AAS UMCAAQ
yCcIexoB B cxeMe bepHyAAU He yaaeTcsa — Iepep HaMHU y>Ke He cxeMa bepHyAAU.

OcTtanrochk u300pecT POPMYAY AAS MOACUETA BEPOSATHOCTU Ka’KAOMY MCXOAY B HECKOAbL-
KHUX HE3aBUCHUMBIX HCIIBITAHUAX BBIIIACTh HY>KHOE YHNCAO pPa3, €eCAM B OAHOM HCIILITAHUU BO3-
MOJXHO He ABa, a Ooaee HMCXOAOB.

lTycmo B odHoM ucneimaruu BoamoxcHbl m ucxo000B8. O6osHayum ux yugpamu 1,2, ... m.

m
llycme ucxod i B o0Hom ucneimaruu cay4aemcs ¢ BeposmHocmeo p;, 1 < i< m, ud p; = 1.
1

O6o3Haqum yepes P(ny, ... ,n,,) BeposmHocms mozo, 4mo Bn = ni+ ... +n,, He3aBucumsix
ucneimarusx ucxod 1 nosBusacsa ny pas, ucxod 2 — ns pPas, ..., Ucxo0d m — n,, Pas.

Teopema 15. Aaa awboro n u Aw0bbix ueabix ny = 0, ..., n, =2 0 makux, umo

ni+...+ny, =n, BepHa popmyaa:
P( ) = n! n o,
N1yeee y m —nl!'“nm!p1 200 fHHEE,

AOKa3aTeAbCTBO. PaccMOTpUM OAVH dAeMEHTapHBIM UCXO0A, OAATONPUATCTBYIONIUN BHINIA-

AEHUIO N €AVHHUII, Ny ABOEK, ..., Ny, Pa3 m-oK:
(L...,1,2,...,2,... ,m,...,m).
—— — ——

ni n2 Nm

310 PE3YALTAT N IKCIIEPUMEHTOB, KOI'Ad BCe HY>KHBI€ NCXOABL IIOSIBUANCH B HEKOTOPOM 3apa-
Hee 3aAaHOM IIOpsAKe. BepOHTHOCTB TAKOTI'0 pe3yAbTaTa N He3daBUCHUMBIX WCIILITaHUM PaBHa

Pt phe,

Bce ocTarbHBIEe OAQTOMPUSTHBIE UCXOABI OTAMYAIOTCS AMIIb PACIOAOKEHUEM YHCEeA
1,2,...,m Ha n MecTax. YMCAO TAKUX HCXOAOB PABHO UHUCAY CIIOCOOOB PACCTaBUTHb Ha 7
MecTax 1) eAWHUII, No ABOEK, ..., Ny, YHUCEA M, TO eCThb
cn.cr2 -Cnd N O = npoBepums, ymo 3mo mak! = L O

n n—mi n—nmij—nz °°° n—mi—...—Nm—1 4 . n1! o nm'

Ternepb MBI MOKeM BEePHYThLCS K IpuMepy 22(0) U BBIIKUCATh OTBET: TaK KakK BEPOSTHOCTU
BBIIIAACHUS I1eCTepPKU U eAUHUIIB! PaBHEBL 1/6, @ BEPOSTHOCTh TPETHEr'o UCXOAA (BBIIAAU AO-
Oble ApyTHe I'paHu) paBHa 4/6, TO BEPOSITHOCTD MOAYYHUTE 10 miecTepok, 3 eAMHUIIE U elle 2
APYTHX OYKa paBHA

15! 1 1 [/4\?
P{0.3.2) = {53131 590 & (6) '
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5.6 Teopema IlyaccoHna ars cxemsl bepHyAAn

ITpeanoaosxuM, HaM HY>KHA BEPOSITHOCTD ITIOAYYUTE He MeHee AecaTu ycexoB B 1000 ucnsl-
TaHUM cxeMbl bepHyAAu ¢ BeposaTHOCTHIO ycnexa 0.003. BeposATHOCTE 3TOTO COOBITUS paBHA
AIOOOMY U3 CAEAYIOIINX BHEIPAKEHUM!

1000 9
> Cloo (0.003)F (0.997)1°°F = 1 -3 Cfg (0.003)% (0.997)'90F,
k=10 k=0

U BBIUYUCAEHME Ad’XKe OAHOTO CAAraeMoro B Ka’KAOM M3 3THUX BhIpa’KeHMY BechbMa NpoOaeMa-
THUYHO.

CdopmyaupyeM TeopeMy O NPUOAMIKEHHOM BBIYUCACHUU BEPOSITHOCTU KAKOrO-AUOO 4MC-
Ad yCIeXOB B OOABIIOM UYHCAE€ WCHOBITAHUU CXeMbl BepHYAAM C MaAeHBKOM BEpPOSTHOCTBIO
ycmexa. TepMuH «BOABIITOE YHMCAO» AOAJKEH O3HAayvaTb 1 — 00. ECAM TpU 3TOM p = p, 7 0,
TO, OYEBUAHO, BEPOITHOCTb IIOAYYUTH AI000€ KOHEUHOE YHCAO YCIIEXOB IIPYU PacTyIeM YKC-
A€ MCIBITAHWU CTPEeMUTCSH K HyAr. HeobxoprMO 4TOOBI BEpOSATHOCTB yclexa p = p, — 0
OAHOBPEMEHHO C POCTOM YHCAA UCHBITaHUM. HO OT MCHBITaHUSA K UCOBITAHUIO BEPOSTHOCTD
yclexa MeHSAThCS He MOYKeT (CM. olpeAeAeHre cXeMbl bepHyAAn).

[ToaTOMy PacCMOTPUM «CXEMY CEpHUI»: eCTh

OAHO HMCIIBITAHHME ©O C BEPOATHOCTBIO yCIIeXa pq
ABA HCIIBITAHUA o, O C BEPOATHOCTBIO yCIIeXa P2
7 UCIIBITaHUM O, ..., 0 C BepPOSATHOCTBIO yCIIeXa pp

BeposmHocme ycnexa meHsemcs He BHYympu 00HOU cepuu ucneimaHuli, @ om cepuu K cepuu,
koeda meHsemcs obuiee yucao ucnoimarult. O603HAYUM Yepes3 v, 4ucao ycnexoB B n-i cepuu
ucneimaHud.

Teopema 16 (Teopema ITyaccoHa).
INycmb n — o0, pp, — 0 mak, umo np, — A > 0. Torga gasa Atoboro k > 0 BeposmHocmb NOAY-

yumsb k ycnexoB B N UCNBUNAHUAX CXEMbl BepHYAAU C BEpPOSAMHOCIbBIO ycnexa p, cmpemMumecs
)\k‘

AN
K BEAUNUHE — 7 €
k AF
Pvy=k)=CFpt (1 —p,)" " — o e npu n — oo,p, — 0 mak, umo np, — A > 0.
k
n
AoKazaTeAbcTBO. [ToAOKUM A, = n - p, — A > 0. ITo cBoiictBy 4, CF ~ T npu pukrcu-

poOBaHHOM k ¥ IIpU N — 00. Toraa

e b A \" T R AR A )" MYTEOAE
Cp Pl (1= pa) "zC’;E<1——) ~ 5o (1__> <1__> S X @

n n n
! !
e~ 1

n
B (8) MBI HCTTIOAB30OBaAM CBOMCTBA )\fl — Mn <1 = —n> — e, NOKa’keM IOCAEAHEee CBOW-
n

n 2
ln(l—)\—n> :nln<1—ﬁ>:n<—ﬁ+0()\—g>>—>—)\.
n n n n

AN AOKA3aTeAbCTBa TEOPEMEBI OCTAaAOChE B POPMYyAe (8) BOCIIOAB30BATHCS CBOMCTBOM J. L

CTBO!
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Ompepenenne 23. [lycts A > 0 — HeKoTOpas noctogHHasA. Habop ducena

)\k
{F e_’\,k‘:O,l,Z,...}

HasbIBaeTcsi pacnpedesneHuem [lyaccoHa ¢ napamempom \.

Iloab3ysick Teopemon 16, MOXHO NPUOAMIKEHHO IIOCUUTATH BEPOSATHOCTH IIOAYYUTH HeE
MeHee pecATy ycnexoB B 1000 ucnbelTaHUM cxeMbl bepHyAAU ¢ BepodTHOCTHIO ycmexa 0.003,
C BBIUMCAEHUS KOTOPOM MBI HauaAau. [Tockoapky n = 1000 «BeAuko», a p, = 0.003 «maro», TO,
B35B A\ = np, = 3, MOKHO HaANNCaTb NPUOANKEHHOE PaBEHCTBO

9 9 3k o0 3k
1= Cfoo (0.003)% (0.997)1000°F '~ 13" = e?=>" e e 3=
k=0 k=0 k=10
= TtabamuHOe 3Hauenue 113(10) ~ 0,001. 9)

OcTanoCh peniuTb, a AOCTaTOUYHO AU N = 10® «BeAmKO», a p, = 0.003 «Maro», YTOOHI 3aMe-
k

A
HUTH TOYHYIO BePOSATHOCTE P(v, = k) Ha mpubAMIKeHHOe 3HaUeHUe T e~. AASI 3TOTO HY’KHO
yMeThb OIleHUBATL PA3HUIy MeXXAY dTUMU ABYMs BEPOSTHOCTIMH.

ChepyIoyio O4eHb IIOAE3HYIO TeOpeMy MBI AOKa’KeM B KOHIIe Kypca.

Teopema 17 (Teopema ITyaccoHa C OLIEHKOMH IOTPEIIHOCTH).

Mycmb A C {0,1,2,...,n} — Npou3BoAbHOE MHOXECMBO UEAbIX HEOMPUUAMEAbHbIX
yucea, v, — HUCAO YCNeXOB B M UCNbIMAHUSAX cXeMbl bepHyAAu ¢ BeposimHOCMBbIO
ycnexa p, A =n-p. Torga

P(v, € A) — — e = ZCspk(l—p)"_k— — e <np? ==
keA keA keA

Takum obpaszoM, TeopeMma 17 mpepocTaBAsSIeT HaM BO3MOXKHOCTH CaMHUM peliaTb, AOCTa-
TOYHO AU N «BEAMKO», @ P «MaAO», PYKOBOACTBYSICH ITOAYUEHHON BEAWYUHOMN IIOTPEITHOCTH.
KakoBa >ke MOIrpelnrHocTs B popMmyae (9)?

— 3" 3 ok k 1000~k — 3" 3
P(v1000 > 10) — el =] |1~ > Clogo (0.003)% (0.997)1°0F ) — T <
=10 (= k=10
< np? = 0,000.

INorpemnocTts He 60aee 0,009 (nmpu BepoaTrHOcTH OKOoAO 0,001 :-) ). Bo BcAKOM cayuae,
MO>XKHO YTBEP’KAATh, UYTO UCKOMAasi BEPOSITHOCTh HUKAK He Ooablre, ueM 0,01 =0,001+0,009.
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Pa3zpen 6. CayualiHble BEAMYMHBI U UX pacIlpeAereHUus

6.1 ChayualiHble BEeAUUYNHBI

MBI y>Ke BUAEAU, UTO AASI OYeHb MHOTHUX IKCIIEPUMEHTOB HET HUKAKUX Pa3AWUYUMN B TIOA-
cuete BeposmHocmel COOBITHM, TOTAA KaK JAEeMeHTapHBIE WCXOABI B 3THUX JKCIHEPUMEHTaxX
OueHb pas3amyaloTcs. Ho Hac M AOAKHBI UHTEpPecOBaTh UMEHHO BEPOSITHOCTH COOBLITHM, a He
CTPYKTYypa IIPOCTPaHCTBa 3A€MeHTapHBIX UCXOAO0B. [1o3TOMY IIOpa BO BCeX TaKUX «IIOXOXKUX»
SKCIIEPUMEHTaX BMECTO CaMbIX Pa3HBIX 3AEMEHTapHBIX HCXOAOB UCIOAB30BaTh, HAIIpUMED,
4nrcAd. To eCTh BBECTH COOTBETCTBHUE (MHAUYe roBOPS, OTOOPa’KeHUE) MeKAY dAEMEHTAapPHBIMU
MCXOAGMH U BeIleCTBEHHBIMU YHCAAMU (C HUMU YAOOHO paboTaTh).

[TycTb MMeeTCs: CAyYalHbBIN OKCIIEPUMEHT U 3aAaHO BEPOSITHOCTHOE TpocTpaHcTBo (2, F, P).

Omnpepenenune 24. Oyurnug € : 3 — R HasbpIBaeTcs cayyaliHold BenuduHol, eCAW AT AO-
6oro = € R mHOkecTBO {€ < 2} = {w : {(w) < x} gBASIETCS COOBITHEM, TO €CTh IPUHAANEIKUT
o-anrebpe cobbiTui F.

3ameyanue 9. UuraTeab, He >KeAarONUN 3a0KMBATH ceOe TOAOBY aOCTPAKOUSAMHU, CBSA3aH-
HBIMU C o-aATeObpaMu COOBITUY U C U3MEPUMOCTBIO, MOXKET CMEAO CUUTaTh, YTO AI0OOe MHO-
>KeCTBO dAeMeHTapHBIX NCXOAOB eCThb COOBITHE, U, CAEAOBATeAbHO, CAyYaiiHasl BeAWYUHa eCThb
npousBoasras pyukriusa u3 2 B R. Hukakux HempusATHOCTeN Ha IPaKTUKe 3TO OOLIYHO He
BA€UET, TAK YTO BCe AAABHENIIee B 3TOM Ilaparpadge MOXHO HNponyCTUTh. Iloae3HO, TeM He
MeHee, IOMHUTD: Ka’KAQs TaKasd «yCTyIKa» cebe CYyIIeCTBEHHO CHIJKaeT Ballld aAalITUBHEIE
CIIOCOOHOCTH K >KU3HU.

Omnpepenenune 25. ByaeMm rosopurth, urto pyukuui € : () — R aBaserca F-usmepumod, ecan
{w : {(w) < 2} npunaprexxut F ans Aro6oro x € R.

WTak, cAydaiiHasi BEeAUUMHA eCTh F-usMepumasi QyHKIIMs], CTABsIasi B COOTBETCTBUE KaK-
AOMY 3AE€MEHTapHOMY MCXO0AY w € ) uncao &(w) € R.

ITpumep 23. TlopbOpaceiBaeM 1 pa3 kyouk. ITycts 2 = {1,2,3,4,5,6}, 1 ABe yHKIIUU U3
2

2 B R 3apanbl Tak: €(w) =w, n(w)=w".
e Echru F ecTb MHOKeCTBO Bcex IOAMHOKECTB (2, TO & H 1) ABASIIOTCSI CAYYalHBIMU BEAU-
YMHAMU, IIOCKOABKY AI00O€ MHOYKECTBO AEMEHTAPHBIX MCXOAOB IPUHAAAEKUT F, B TOM
yrcre U {w : {(w) <z} uam {w : n(w) < z}. MOXXHO 3amucaTb COOTBETCTBUE MEXKAY
3HQUEHUSMU CAYYaWHBIX BEAUYMH U 1) U BEPOSITHOCTSIMU IPUHUMAThH 3TU 3HAUEHUS B
BUAE «TaOAHIBI PACIPEAEACHUST BEPOSTHOCTEH» UAU, KOPOTKO, «TaOAHUIIBI PACIIPeAeAe-

HUA»!

¢l 1] 234|516 n| 1] 4] 9]16]25]36
Plalalalalsls Plslslslslals
3aeck 3 =P((=1)=...=P({=6)=P(n=1)=...=P(n = 36).

e [IycTh o-arrebpa coOBITHM F COCTOUT BCEro U3 YeThIpeX MHOXKECTB!
F={02,{1,3,5},{2,4,6}},

TO €CTb COOBITHEM SIBAGIETCS, KPOMe AOCTOBEPHOI'O XU HEBO3MOJKHOI'O COOBITHMY, BEIIA-
MEHME YEeTHOTO (COOTBETCTBEHHO, HEUYETHOTO) YMCAA OYKOB. YOepAuMCcd, 4YTO IIpU Ta-
KOM «OepHOM» o-aaTeOpe HU &, HU 1) He SBASIOTCS CAYUYaUHBIMM BEAWYMHAMHU, TakK
Kak 3Tu (pyHROum He F-usmepumbl. Bosbmem (Hampumep) z = 3,967. Buaum, uTo
{fweD : {w) <3967} ={1,2,3} ¢Fu{we : nw) <3967} ={1} ¢ F.

Ynpaxcnenue. Onucame kaacc Bcex YHKUUL, UIMEPUMbIX OMHOCUMENbHO T -a/f2e6pbl
F=1{9,2,{1,3,5},{2,4,6}}.
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e [TycThb 0-arreGpa coObiTuil F ecTh TpUBHAAbHAs o-aArebpa @ F = {Q, T}

Hokazams, ymo £ u n He 6asar0mca caydaliHbimu BeauduHamMU, MaK KaK 3mu GYHKYUU He
F-usmepumel.

Jokazame, ymo usmepumesl omHocumenbHo mpuBuaneHol o-anzebpsl moabko gyHkyuu Buda
&(w) = ¢ (nocmosHHele).

Tenepp nonpoOyeM IOHATH, 3a4eM Hy>KHa J-U3MepPHUMOCTb M IodeMy TpeOyeTcs, 4YTOOEBI
{w : {(w) < z} ABASIAOCEH COOBITHEM.

Ecau 3apaHa caydaliHas BeAMUYWHA £, HAM MOJXKET IOTPebOBaThCS BEIYMCAUTH BEPOSITHOCTU
tuna P(§ = 5) = P{w : {(w) =5}, P(€ € [-3,7]), P(§ > 3,2), P(§¢ < 0) (u BoOOIIe camBle pas-
Hble BEPOSTHOCTHU IIOIIaAQHUS B Pa3ANYHBble MHOJXKECTBA Ha MIPAMOI). OTO BO3MOKHO TOABKO
€CAU MHOJKECTBQ, CTOAINE TI0A 3HAKOM BEPOSATHOCTHU, ABASIOTCSA COOBITUAMU (HAIIOMHIO, YTO
BEPOSITHOCTb €CTh (PYHKIIUA U3 o-aArebpnl coowiTull B [0,1]).

Ho ecamn norpe6oBath, uTo6bl A, = {w : {(w) < £} GBIAO COOGBITHEM TIPU AFOGOM &, TO MBI
U3 CBOMCTB 0-aATeOphl Cpa3y HOAYYUM, UTO

u Ay ={w : £(w) =1} — coburre, u {w : 71 < €(w) < 22} = Ay, \ Az, — coGBITHE,
u B, ={w : &w) <z} = ﬂ A, 1 — coGbiTHe,

n=1 "
u {w : {(w) =2} = B;\A, — cobruiTHe, (10)

U T.A., U T.II. (OOepaluu rnepeceuyeHns, oObeAMHEeHNS, AOTIOAHEHNSI COOBITHM HEe BBIBOAAT U3
KAacca COOBITUH).

Mo>xHO noTpeboBaTh B OlpepereHuU 24 4ero-HUOyab aApyroro. Hampumep, 4ToOBI CO-
OBITHEeM OBIAO TTOTIAAAHHWE B AFOOOM mMHTepBar: {w : &(w) € (a,b)} € F arst A06OBIX a < b.
Wan utobsl {w : {(w) > x} OBIAO COOBITHEM AAST AIOOOTO x. AI0GOe TaKoe OIpeAeAreHHe
SKBUBAAEHTHO UCXOAHOMY.

3ameyanue 10. Te, KTO He MOAEHUACSA IPOUYECTb IPO OOPEAEBCKYIO 0-aATeOpy B pa3pene
3.3, MoryT cpOPMYAMPOBATH BCE HAIIM MOTPEOHOCTU TaK: MBI XOTHM, YTOOBI MoIapaHue & B
A000€e BOpeAeBCKOEe MHOJKECTBO IBASIAOCE COOBITHEM. MBI MOTAM 3TO IOTPeOOBATH B OIIPEAE-
A€HUM, HO OTPaHUYHUAUCH SKBUBAAEHTHBIM YCAOBUEM, UTOOBI NOIIaAaHNE B ATOOOYW OTKPBITHIN
WHTEepBaA (—o0,z) OBIAO COOBITHEM. OTU YCAOBHUSI SKBUBAAEHTHHI, IOCKOABKY OGOpeAeBCKast
o-aATeOpa MOPO’KAAETCS MHTepBaAraMM, 4TO MEI ellle pa3 moKa3aAu B popMmyaax (10).

OmnwuiileM pasAWYHBIE TUIBI PacCpeAeAeHUM CAyYaWHBIX BeAuuduH. [1oa pacnpedesneHuem

CAY‘{afIHOfI BEANMYHWHBI MBI 6YA€M IIOHMMATb COOTBETCTBHUE

«3HAQUYeHNre CAYLIaI‘/IIHOI\/'I BEAWMYMHBI <~ BEPOATHOCTL IIPUMHHUMATH 3TO 3HA4e-

HUEe»,
Anbo (gare)
«MHOJKECTBO Ha IIPAMOM <+ BEPOATHOCTb CAYYaMHOW BEeAWYMHE ITONACTh B

OTO MHOXEeCTBO».
6.2 AuCKpeTHbIE paclpeAeAeHus:

Omnpepenenne 26. TOBOpST, YTO CAydYaliHas BeAWYHHA { UMeeT OUCKPEMHOE PacIpeAeAe-
HUe, eCAM CYIIeCTBYeT KOHEUHBIN MAU CYETHBIM HaOOp uucea {ai,as,...} TAaKOH, 4TO:

a) p; =P(£ =a;) >0 Ars Beex i; 6) > pi=1
i=1

To ecTb cayualiHas BeAWYUHA £ UMeeT ANCKPETHOe paclipepeAeHle, eCAU OHA IIPUHUMAeT He
OoAee UeM CYeTHOe YUCAO 3HAUEHUMN.

Omnpepenenne 27. Ecam caydaiiHag BeAWUMHA £ MMeeT AMCKPETHOEe paclipepeAeHue, Ha-
30BeM mabauyel pacnpedeseHus COOTBETCTBUE a; < p;, KOTOPOEe dYallle BCEero PUCYIOT TaK:
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ITpuMepbl AMICKPETHBIX pacIpeAeAeHut

BBIpOJKAEHHOE pacIpeAeAeHue.
ToBOpAT, 4TO CAyYaliHasi BeAMYMHA { MMeeT BHIPOJKAEHHOE pacIlipeAeAeHme C TlapaMerT-
poMm a, u uinyT £ € 1,, ecan ¢ TpUHUMAaET eAUHCTBEHHOE 3HaUYeHNe a C BEePOSITHOCTBHIO
¢ a

1, To ectb P({ = a) = 1. Tabauiia pacupepereHus: £ UMEET BUA P 1

Pacnpepenenue bepayaamn.
FoBopsAT, uTO cAydalriHas BeAMUYUHa £ UMeeT paclpepeAeHre BbepHyAAu ¢ ITapaMeTpoM
p, u numyt £ € B, ecan { npunmMaer 3HadeHus 1 u 0 ¢ BepoaTHOCTAMH p U 1 —
p, cooTBeTcTBeHHO. CAaAydualiHasg BeAWUYMHA £ C TAKUM pacIlpepeAeHUeM paBHa Yucay
ycnexoB B odHom ucneimaHuu cxemel bepryanu ¢ BeposmHocmeto ycnexa p (0 ycmexoB

¢ 0 |1

P ‘ 1—p ‘ P

uam 1 ycnex). Tabauiia pacupepereHuss & MMeeT BUA,

BuHOMHUaABHOE paclipeAeAeHHe.
F'oBop4aT, 4TO cAydaliHas BeAndrHa £ MeeT OMHOMHAABHOE paclipepereHUe C llapaMerT-
pamu n u p, tae 0 < p < 1, mw mumyr § € B, ,, ecan { npunnMaer 3nadenus 0,1,... ,n ¢
BeposaTHOCTAMHU P(¢ = k) = CFpF(1 — p)"~F. CayuaitHas BeAndmHA £ ¢ TaKUM pacIpepe-
AeHUEeM UMeeT CMBICA yuc/aa ycnexoB B8 n ucneimanusx cxemel bepryanu ¢ BeposmHocmero
ycnexa p.

Tabamiia pacupepereHUsT & UMeeT BUA
el o | 1 | .| k E
P la-pn | mp-pt| .. [Cib-p*] |

T'eoMeTpuyecKoe pacnpejpereHUeE.
l'oBopAT, 4TO cAy4yaliHasd BEeAMYUHA T UMeeT TeOMeTpPHUYEeCKOe pacCIpejpeAeHre C Iapa-
MeTpoM p, TAe 0 < p < 1, uw mumyT 7 € Gy, ecAu 7 IpUHUMMAeT 3HadeHuda 1,2,3,...
c BepoarHocTamu P(r = k) = p(1 — p)*~!. CayuaitHas BeAWYMHA T C TaKHM pacIipe-
AEAeHMEeM UMeeT CMBICA Homepa nepBozo ycnewHozo ucneimaHus B cxeme bepryanu c
BepoamHocmeio ycnexa p.

1] 2 | ... | & |

Tabaunia pacupepereHUs T UMeeT BUA ; ‘ » ‘ p(1—p) ‘ ‘ p(1 — p)kL ‘

Pacnpepenenne Ilyaccona.
FoBopsT, uTo cayuariHas BeAnWUrHa & UMeeT pacupepereHue [lyaccoHa ¢ mapamMeTpoMm A,

rae A > 0, m numyt ¢ € II), ecan ¢ npuanmaer 3Haduenus 0,1,2, ... Cc BepOITHOCTIMHA
e )
o | 1t | ... | k |
Tabauila pacmpepereHuss & UMeeT BU \F
I1a pacmpep § A b | oo | e Ee_A

T'umepreomeTpuyecKoe pacrpeAeAreHue.
l'oBopAT, uTO cAy4ariHasg BeAWYMHA ¢ UMeET TUIIepreOMeTpUYeCcKOe paclpepeAreHue C
napametrpamu n, N u K, tae K<N, n<N, ecau £ OnpuHUMAeET IleAble 3HAUEHUS OT

k ~n—k
max{0, N—K—n} po min{n, K} c BepoarHoctamu P({ = k) = % ChayuaiiHas
N

BEAMYHMHA £ C TAKUM PaCIPEeAEAeHUeM UMeeT CMBICA Yucaa 6envlx wapoB cpedu n wapos,
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BbibpaHHbIX Haydady u 6e3 Bo3BpaweHus u3 ypHol, codepxcaujel K 6envix wapoBu N — K
He 6esblx.

TaGAHHY paciipepeneHud § YUTATEeAb MOXET HAapUCOBATh CAMOCTOSATEABHO.

38MeTbTe, 9TO CO BCeMU 3THMU PACIPEACACHUSIMU MBI YK€ XOPOIIIO 3HAKOMBIL.

Ho pacnpepereHus CAy4allHBIX BEAMYMH AQAE€KO He HMCYEPIBIBAIOTCS AUCKPETHBIMU pac-
npepeAreHUAMHU. Tak, HAIpUMep, €CAU TOYKa OpocaeTcs Haypady Ha oTpe3ok [0,1], To MOKHO
33AaTh CAYYaMHYIO BEAWUYMHY, PABHYIO KOOPAMHATE 3TOU TOYKU. HO unMcAO 3HAUeHUM 3TOU
CAy4alHOM BEAWYMHEBI HEe CUETHO, TaK YTO ee paclIpejpeAeHHe AUCKDETHBIM He ABAseTca. Aa
1 BEePOSAATHOCTh 3TOU CAYYaMHOM BeAWUYMHe IIPUHATH Ka’KAO€e M3 CBOMX BO3MOJKHBIX 3HAUYeHUU
(momacTe B TOYKY) paBHA HyAIO. Tak 4TO He TOABKO TAaOAMIIA PACIIPEAEAECHUS He CYLIeCTBYET,
HO U COOTBETCTBHE «3Ha4YeHHE BEAUUYNHBI <+ BEPOATHOCTB €ro IPUHATh» HUYEro He TOBOPUT
O pacIpepeAeHUU CAYYAaWHOMN BEAWYUHEL.

Kakumn ke XapaKTepUCTHUKaMU eIlle MOKHO OMHCATh paclipepereHue ?
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Pazpen 7. DYHKIMS paclpeAereHHus

3aMeTuM, 4To Ha TOM ke oTpe3Ke [0,1] BepogTHOCTH NMONapAaHUSI B MHO>KECTBA ITOAOKU-
TEeABHOU MephI COBCeM He HyAeBhle. M TepMUH «Haypady» MBI KOTAQ-TO ONMMCHIBAAM KaK pas
B TepPMUHAX BEPOSATHOCTEU IIONAAAHUS B MHOJKECTBA.

MoskeT OBITh, pa3yMHO ONMCATh paclpepereHre CAYYalHOW BEAWYMHBI, 3aAaB AAS AIOOO-
TO MHOJKECTBA BEPOSTHOCTH MPUHATH 3HAUYEHUS M3 3TOTO MHOKECTBA? ITO AEUCTBUTEABHO
TIOAHAs XapaKTepHu3alusl paclpepereHns, HO YK OUeHb TPYAHO C Hel paboTaTbh — CAUIIIKOM
MHOTO MHOJKECTB Ha HIPSIMOIA.

Heab3a A 0OOUTHCH 3apaHUEM BEPOSITHOCTEN ITONAAQHMSI B KaKOU-HHUOYAb MEHBIIUU Ha-
00p MHO>XeCTB Ha npsaMori? OKa3bIBaeTCs, YTO MOKHO OTPAHUUYUTHCS TOABKO BEPOSTHOCTSIMU
MOMIAAQHUST B MHTEPBAABI (—00, ) AAS BCeX = € R, ¢ TOMOIIBIO KOTOPBIX MOJKHO OYAET orpe-
AEAUTH U BEPOSAATHOCTDH IIONACTh B AI0OOE Apyroe MHOJKECTBO.

3ameyanue 11. MOXHO C TaKHUM JKe yCII€XOM OIPAHUYUTHCS HAOOPOM BEPOSATHOCTEU I10-
IIAAQHUS B UHTEPBAABL (—00, z|, UAH B (x,00), UAH B [z,00), UAU B (21, 22). BrpoueM, mocaea-
HUX y’Ke CAUIIKOM MHOIO.

OmnpeaeneHue 28.

@yukyueld pacnpedeneHus ~ CAydaWHOW BeAWYMHBI ¢ HasblBaeTcsl (YHKIIUS
Fe(xz) : R — [0, 1], mpu KaxkpoM ¢ € R paBHas
Fe(r) =P <z) =P{w: {(w) < z}.

ITpumep 24. Cay4yaiiHas BeAUdMHA £ UMeeT BBIPOKAeHHOe paclpepereHue I.. Torpa
A
Fe(x)

Fe(z) =P < xz) =Plc < z) =

C x

IMpumep 25. CayuaiiHas BeAMYMHA § MMeeT pacnpeperenue bepuyaru B, Toraa

Fe ()
0, <0
1-p
Fe(z) =Pl <z)=q1-p, 0<z<1
1, z > 1

1 x

ITpumep 26. ByaeM roBopuTh, UTO CAy4YaliHasd BeAWUMHa £ UMeeT paBHOMEpPHOe paclipe-
AenreHHe Ha oTpeske [a,b| n mucats £ € U, (“"uniform"”), ecan { — KoopauHaTa TOYKH, 6pO-
IIIEHHOW HayAQyy Ha OTPe30K [a,b] YMCAOBOM MpsIMOM. DTO pacIpeAeAreHue MOKHO 3aAaTh U
C IIOMOIIbIO (DYHKIIUU PacIpeAeAeHUs:

Fe(x)
0, T < a; 1
r—a
Fe(z) =P <o) = P a<z<b
1, x > b.
a b x

Vopaksenue 8. ITocTpouTs rpadpuku MYHKIIUN paclipepereHUsd A paciipepeaeHud [lyac-
COHAa, OMHOMMAABHOI'O M T'eOMeTPUYEeCKOr0 paclpepeAeHUs.
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7.1 CpoicTBa PyHKIUHN paclpeAeAeHus:

Teopema 18.

Qynkyus pacnpegerenus Fe(x) obragaem caegyroujumu cBoUcmBamu:
F1) Qynkyusa pacnpegearenus F¢(x) He yobiBaem: ecau x1 < T, mo Fg(x1) < Fe(x2);

F2) Cywecmsytom npegeapt lim Fe(z) =0 u lim Fe(z) = 1.

r—00

F3) @ynkuyusa pacnpegerenus F¢(x) HenpepbiBHQ cAeBa: Fe(xo—0) =
hmz—mo—o Fg(x) = Fg(.%'o).

AokazareabcTBo cBoricTBa (F1).
Ecam 21 < 29, TO {f < l’l} - {§ < 1‘2}. INTosTomy Fg(ﬂjl) = P{§ < Il} < P{f < .IQ} = Fg(:cg). O

AoKkazareabcTBO cBorcTBa (F2).

3ameuanue 12. Ecau psp, cOCTaBAEHHBIM M3 HEOTPUIIATEABHBIX CAAraeMbIX a;, CXOAMT-

o0 n
def .
Csl, TO eCThb CYLIeCTByeT ». a; = lim > a; < 00, TO «XBOCT» PSIAQ CTPEMUTCS K HYAIO:
=1 noo =1
oo
lim > a; = 0.
n—o0 iy

3ameuanue 13. CymjecTBoBaHue npeperoB B cBotictBax (F2), (F3) BeITekaeT n3 MOHOTOH-
HOCTH U OTPaHUYEHHOCTH QyHKIuu F¢(x). Tak dYTO oOcCTaeTcs AOKa3aTh pPaBEHCTBA
lim Fe(x) =0, lim Fe(x)=1n lim Fe(z) = Fe(xo).
T——00 T—00 r—x9—0

3ameuanue 14. Ecam cylecTByeT }gr(lz f(z), TO AASI IDOM3BOABHOM ITOCAEAOBATEABHOCTH
{z,} Takowu, uto x,, — a UMeeT MecTo paBeHCTBO lim f(x) = lim f(zy,).
r—00 n—oo
ITo 3aMmeuanuro 14, AAI AOKA3aTEALCTBA Ili)mc><> Fe(x) = 0 AOCTaTOYHO AOKAa3aTh, UTO
F¢(—n) — 0 mpu n — oo.

[MpeacTaBuM cobGbiTre {€ < —17} (HampuMep) Kak CYeTHOe OOBbeAMHEHHEe COOBITHUI:

(€< 1T} =.. . U{-20< < -19}U{-19< E< 18} U{-18 < E < —17} =

= |J{-i-1<¢< -}

=17

Hcnoab3yst 0-apAAUTUBHOCTb BEPOSITHOCTH, U mOMHS, 4To P{{ < —17} < 1, moayuum:

P{{ < 17} = Z P{—i—1<¢< —i} <1, u, no samevanwuro 12, ZP{—i—l <E< —i}—0.
=17 i=n

Ho
o0
D _P{-i-1<¢<—i} =P{E < —n} = Fe(-n),
i=n
M CXOAMMOCTD F¢(z) K HyAIO IPH & — —00 AOKa3aHa.
WToro: ecmo psad, cocmaBaeHnHeoil uz BeposmHocmel, CYMmMa Komopozo moxce ecmos Beposm-

Hocmb u, cnedoBamesibHo, KOHeYHa. A u3 mozo, ymo psd cxodumcs, no 3ameyaruro 12 Boimexkaem
cxodumocme «xBocmay psada k Hymo. Ocmanoce nocmompems HA 3mom xBocm u ybedumscH,
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ymo oH paBeH Kak pa3 mou BeposmHocmu, CXo0UMOCMb K HY/0 KOMOPOU HAM HYXCHO OOKA3amb.
TourHo mak e dokaxcem u ocmaseHele cBolicmBa.

ITo 3ameuanmio 14, AAd AOKazaTeAbCTBa lim Fg¢(z) = 1 AocTaToOYHO AOKa3aTk, uTo F¢(n) —

r—00

1 mpu n — oo, uAn uto 1 — F¢(n) =P({ > n) — 0.

[MpeacTaBuM cobGwiTre {€ > 11} (Hampumep :-) Kak CUeTHOe OObEAMHEHMe COOBITHI:

{ex1y={11<¢<2bu{l2<E<BU{IB<E<4bu... = [ J{i<é<i+ 1}
=11

B cuay 0-apAUTHUBHOCTU BEPOSTHOCTH,

P{¢ > 11} = ZP{Z'<£<Z'+1}<1, Y, II0 3aMeYaHuio 12, ZP{Z'<£<Z'+1}—>O.
i=11 i=n
Ho -
> Pli<E<i+1} =P{{>n}=1-Fn),

U CXOAMMOCTE [F¢(x) K eAMHHIle IPH & — 00 AOKa3aHa.
O

AoKazareabcTBO cBorcTBa (F3).

1
CoraacHo 3aMedaHuio 14, AOCTAaTOYHO AOKA3aTh, 4TO F} <:Jc0 —— ] - Fg(xo) nopu n — oo. Van,
n

4TO TO Ke caMoe, AOKa3aTh, 4TO
1 1 1
Fg(x())—Fg (xo—g> :P(§<x0)—P<§<x0—;> :P(xo—£§€<x0> — 0. (11)

[MpeacTaBuM cob6biTHe {€ < 7o} KaK CUeTHOe OOBEeAMHEHMe COOLITHI:

{€ <o} =
{¢£< 1}U 1<€< L U 1<§< ! U 1<§< 1 U
= To— ro—1 < To— = o — = < To— = 90— = < rg— — rU... =
0 0 0~ 5 0~ 3 0~ 3 0~ 3 0= %
> 1 1
={&<z9—1} U —=—<€f<xg——— 7.
{§ < w1} izul{% : § <o z+1}
B cuAy 0-apAAUTHUBHOCTU BEPOSTHOCTH,
> 1 1
P =P -1 P — =< - —— > < 1,
{€ < zo} {{ <z }—}—; {xo p E<zx i—i—l}
II09TOMY CHOBa
(0.0
>p x—1<g<x S G
: 0 Z.\ 0 it 1 .
1=n
o0 1 1 1
Ho Y Pexo—=-<&<zp———p =Pag——<E<myp, ¥ 3Ta BEPOATHOCTb, KaK MBI
i=n i 141 n

TOABKO YTO BHAEAM, CTPEMHUTCSI K HYAIO ¢ poctoM n. Toraa, mo (11), Fg(x) — Fe(x¢) mpmu

x — x9—0 (HEeIpepbLIBHOCTL CAEBA).
O

CAQAYIOLH&H TeopeMa I'OoBOPUT O TOM, UYTO TP AOKA3aHHBIX CBOMCTBA IIOAHOCTBIO OITUCHIBA-
IOT KAACC PYHKIUM pacnpepereHud. To, 4To AtoOasg QYHKIIUSA PACIpPEAEACHUT MU OOAQAQET,
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MBI C BaMU AOKa3aAW, a TeopeMa YTBEPKAAET, YTO At00Oasg (PyHKIUI C TAKMMHU CBONCTBAMU
ecTb QPYHKITUS paclIpepereHus.

Teopema 19. Ecau ¢ynkuyus F : R — [0, 1] ygoBremBopsiem cBoticmam (F1)—(F3), mo F
ecmb (QyHKUUsL pacnpegeAenusi HeKomopoi cAydaliHoll BeAuduHsl £, mo ecmb HaAllgemcs Bepo-
simuocmuoe npocmpancmso (2, F P) u cayuatinas Beruuuna & Ha 5mom NpocmpaHcmBe, YUMo
F(z) = Fe(z).

Imy meopemy moi dokaszsiBame He cmarem. Xoms ee mMoxcHO nonpo6oBame AoKkazame KOHCMPYKMUGB-
HO — npedvsBuB mo BeposmHocmHoe npocmparcmBo (npowe Bcezo ompesok ) = [0,1] ¢ o-aneebpoi
6openeBckux mHoxcecmB u mepol Jlebeza :-) u my cayyalnyo Beaudury, o cyuiecmBoBaHuu Komopsix
udem peyo, HenpemernHo nonpobyime coename smo! Hanpumep, moxcHo nonpo6oBame, He nodolddem
au &(w) =sup{z : F(x) <w}.

IIpouyne noae3Hble CBONCTBA (PYHKIMI pacIpeAeAeHus
F4) B aro6oit Touke xg pasHuna Fg(xo+0) — F¢(xg) paBHa P({ = 20):
Fe(20+0) — Fe(xo) = lim+0 Fe(x) — Fe(xo) = P(§ = 20), wuAm, uHaUe,
T—T0

Fg(.’L‘o-ﬁ-O) = lim Fg(x) = Fg(xo) + P(§ = xo) = P(f < l’o).

rz—x0+0

Vopaxkuenne 9. AOKakuTe caMM (TOYHO TakK JKe, Kak MbI pAoKaseiBaau (F2) u (F3)).

3amernm™, uTo pasHHUNA F¢(r9+0) — F¢(xo) MeKAY IPeAeAOM IIPH CTPEMAEHUH K ( CIIPaBa
U 3HaUeHHEeM B TOYKe Ty €CTh BEeAMYMHA CKayKa (PYHKIWUM pacIpeAeAeHHs, U paBHa HYAIO,
ecAr (PyHKIOUS paclpepeAeHUs HENIPePBIBHA (CIIpaBa) B Touke rg. CAeBa, HAIOMHIO, PYHKIIUA
pacipeAeAeHMs] HellpephIBHA BCETAQ.

Chrepcteue 4. Ecau ¢ynkuyus pacnpegerenus F¢(x) HenpepniBHa B mouke xo, Mo
P(f = xo) = 0.

F5) Aas AT060M CAyJaHOM BEAMUYHHEI { UMeeT MeCcTO paBeHCTBO P(a < § < b) = F¢(b) — F¢(a).

Ecam e dyHKIUSA pacnpeprereHuss Fg(r) HempepbIBHa (AAS AIOGOTO 2, MAM TOABKO B
TOYKax a 4 b), To

Pla<&<b)=Pla<&<b)=Pla<&<b) =Pla<E<b) = Fe(b) — Fe(a).

AokazaTeAbCTBO. AOKa3bIBaTh HY’KHO TOABKO paBeHCTBO P(a < & < b) = Fg(b) — F¢(a),
IIOCKOABKY BCEe OCTAaAbHBIE PABEHCTBA CAEAYIOT M3 HEro C y4eToM caeAcTBust 4. HamowmHio,
YTO STUM PABEHCTBOM MBI YK€ MHOTO pa3 ITOAB30BaAUCH, AOKa3biBas cBoiicTBa (F2), (F3).

3amerum, uto {§ < a} U {a < & < b} = {{ < b}, u nepBBle ABa COOLITHSI HECOBMECTHHI.
IlosTomy

P{{ <a} +P{a <& <b} =P{¢ <},

uan Fe(a) + P{a < & < b} = F¢(b), uTo 1 TpeGOBAAOCH AOKA3aTh.

DYHKIUS PacnpeAeAeHUsI ANCKPETHOTO pacIpeAereHus

MBI y>Ke BUAEAU, KaK BBITASAAT (DYHKIIMM PaCpeAeAeHUsT HEKOTOPBIX AMCKPETHBIX pac-
IpeAeAeHUN.
N3 cBoicts (F4), (F5) caepyer
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CgovictBo 6. Cayualinas BeAuuuHa £ umeem guckpemHoe pacnpegeAeHue morga u MoAb-
Ko morga, Korga yHkuus pacnpegearenust by — cmynenuamas ¢ynkuus. I[Ipu 3mom BO3ZMOX-
Hble 3HQUeRusA § — MOuKu a; ckaukoB F¢, u p; = P(§ = a;) = F¢(a;+0) — Fe(a;) — Beauuunst
CKAUKOB.

Ynpaxcnernue. [flokazame, umo nob6as yHkyus pacnpedeneHus umeem He 6osee Yem cyem-
Hoe yucsno moyek pa3peiBa (uau «ckaykoBx»). Yraszaume. CKOABKO CKAUYKOB BEAMYMHOU OoAee
1/2 moskeT mMeThb (PYHKIWS pacipepereHms? A BeAnumHoU 6oaee 1/37 Boaee 1/47

B caepyromiert raaBe MBI pACCMOTPUM CAYYAWHBIE BEAWUYMHEBIL, (DYHKIIUU PACIPEACACHUS
KOTOPBIX He YAOBAETBOPSIOT CBOUCTBY 6 XOTSA OBI IIOTOMY, YTO OHU BOBCE He MMEIOT Pa3phl-
BOB. boaee TOro, MBI BEIAEAUM KAACC (PYHKIHMN paclIpeAeAeHHs, KOTOphle «BOCCTaHABAUBA-
FOTCS TI0 CBOEM MPOU3BOAHOM» C MOMOIIBIO UHTETPUPOBAHUS (TaK Ha3bIBaeMble a6CO/MOMHO
HenpepbiBHole GhYyHKYUU).
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Pa3zpen 8. AOCOAIOTHO HelpepbIBHBIE pacIpeAeAeHus

Omnpeaenenue 29.

CayuaiiHass BeAWuyrMHa & HUMeeT abCoMOMHO HenpepsiBHoe paclpepereHHe, eCAR
CYIIeCTByeT HeoTpullaTeAbHast (yHKIUSA fe(x) Takag, 4To AAS AoGoro z € R
byukuua pacupeperenus: Fg(r) npepcTaBuMa B BUAE

Fe(t) dt ITpu sToM byHKINA f¢ () Ha3BIBAETCS N/10MHOCMbIO PAC-
¢ ' npedesieHus CAyYaliHOM BEAUYUHBI &.

Teopema 20.

IThomnocmsb pacnpegeaerus obaagaem cBoUCmMBAMU!

(1) fe(z) >0 grn moboro @ (£2) | fe(t) dt = 1.

AOKa3aTeABCTBO (f1) BEITTOAHEHO IO OMMPEAEAEHMIO TIAOTHOCTHU. AoKakeM (f2).
3

t = t = lim =1 0o CBOUCTB KIIUK pacIpeAeAeHUs.
fg ) d 1 fe(t) d ml_}OO Fe(x ictBy (F2) dyu %

O
OTHU ABa CBOMCTBA ITOAHOCTBIO XaPAKTEPU3YIOT KAACC IIAOTHOCTEM:

Aemma 3. Ecau ¢pynkuyusa f obragaem csoticmeamu (f1) u (f2), mo cywecmByem Beposim-
HOCMHOe NPOCMPAHCMBO U CAyYQliHasi BeAuduHa & Ha HeM, gast komopol f sBAsemcs naom-
HOCmbIO pacnpegeAeHusl.

AokazaTenabcTBO. [TycTh ) ecTh 06AACTE, 3aKAIOUEHHAS MEKAY OChI0 aOCITUCC U TpaduKOM
dyukuuu f («noprpaduk» ynrnum f). Ilaomaas obractu {2 paBHa 1 mo csoicTBy (f2). U
IyCTh CAyYaliHasd BeAWUYMHA £ eCTh aOcCI[ucca TOUYKH, HaypAady OpPOIIEeHHOM B 3Ty OOAACTh.
Toraa (BcnomHume eceomempuyeckyro BeposmHocme) AT At0OoTO = € R

F¢(z) = P(¢ < 2) = P(Touka momana B o6aacTs D) = maomiaAk Do / f(t)

TAOIIAAD " maomans Q

X

TO eCTh f SIBASIETCSI IAOTHOCTBIO PAaCIIPEAEAeHUST CAYYaMHOU BEeAWYUHHI £. O

CBoMCTBaA MMAOTHOCTEH

(f3) Ecam cayuatiHas BeAnWuyrHa { MMeeT aOCOAIOTHO HeIpephIBHOE pacIipeAeAeHUe, TO ee
PYHKIIVS pacupepeAeHUsT BCIOAY HelpephIBHA.

AoKa3zaTeArbCTBO. OTOT (DAKT CAEAyeT U3 IIPEACTaBAeHUS F¢(x f fe(t) dt m HeTIpepEIB-
HOCTHU MHTEeTpanrd Kak (DyHKIMHU BEPXHETO NPEAEAd. O
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ChaepctBue 5. Ecau cayualinaa BeAuuuHa £ umeem abCOAIOMHO HenpepblBHOE pacnpege-
Aenue, mo P(§ = z) = 0 gasa atoboro x € R.
(f4) Ecam cayuaiiHas BeAnumHaA { MMeeT abCOAIOTHO HEIPEpPBIBHOE paclpepeAeHme, TO ee
d
dyHKims pacnpeaenenus AuddepeHnupyemMa IOYTH BCIOAY, U fe(x) = Fi(z) = —F¢(x)

dzx
AASL IIOYTH BCeX Z.

3ameuanne 15. TepMUH AAS «IIOYTH BCEX» O3HAYAET «AAST BCEX, KpOMe (BO3MOJKHO) x U3
HEKOTOPOTI'0 MHO>KECTBa HYA€BOU Mephl (AAWHEI)». 3aMeThTe, UTO CTOSIIYIO IOA MHTEIParOM
PYHKIIUIO MOJKHO U3MEHUTH B OAHOU TOYKE (MAM Ha MHOJKECTBE HyA€BOUM AAMHBI), U HHTErPaA
(«TIAOIIIAAL TTOATPadUKa») OT 3TOTO HE M3MEHUTCS.

(f5) Ecam cayyaitHas BeAMumHa £ UMeeT aOCOAIOTHO HelpephIBHOE pPacIipeAeAeHue, TO

b
P(a<§<b):P(a<§<b):P(a<§<b):P(a<§<b):/f§(t)dt.

a

AoKa3zaTeabCcTBO. AeMCTBUTEABHO,

b a
Pla <€ <b) = Felb) - Fela) = [ felt) dt~ [ felt) ot
OcTanrbHbIe PABEHCTBA BBITEKAIOT U3 CAEACTBUS 5. O

8.1 IIpumMmepsl aOCOAIOTHO HeIIPpEPHIBHBIX pacIipeAeAeHUun

PaBHOMepHoOe. DTO pacupepeAeHUe HaM y>Ke 3HaKOMO. ['oBOpAT, 4To £ MMeeT paBHOMEPHOeE
pacrpepeneHHe Ha oTpeske [a,b], m mumyT { € U,y ecan

07 IL’<CL; 0, a:<a;
= 1
Fe(r) =P <) = gg_z, a<z<b fe(z) = " a<z<b
17 117>b, 0, .’E>b

3aMeTbTe, UTO B TOUKAX a M b PyHKIUS pacupepereHUs: HepauddepeHpyemMa, U IAOT-
HOCTBh MOJKHO 33AaTh KaK YTOAHO.

IToka3zaTeabHOe. ['OBOPAT, YTO £ MMeeT IMOKa3aTeAbHOE pacIpepeAeHre C MapaMeTpoM
a >0 u noumyt £ € E,, ecan

Fg(:g) =P <uz)= 0, T < 05 fg(l‘) _ 0, x < 0;

1—e™ @ x>0, ae” .z = 0.

INoka3aTeArbHOE pacIpeAeAeHUe IBASETCS eANHCTBEHHBIM aOCOAIOTHO HEITPEPHIBHBIM pac-
IpeAeAeHrEeM, AAST KOTOPOTO BBITIOAHEHO CBOMCTBO «HECTapeHUsI» (U B 3TOM CMBICAE OHO
SIBASIETCS HENTPEPHIBHBIM aHAAOTOM AMCKPETHOTO T€OMETPUUYECKOTO PaclpeAereHUsd).

Teopema 21. CBolcmBo «Hecmaperusiy. Ilycmb & € E,. Torga gas A06bix x,y > 0
Pl>z+y|E&>2)=PE>y).

Vopakaeuue 10. AokazaTb «cBolicmBo HecmapeHus ».
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Vopaykaenue 11. * AokazaTb, YTO €CAU HEOTPHUIATEABHAs CAydYaliHas BeAWdWHa & nMeeT
aO0COAIOTHO HeIlpephIBHOE paclpejpereHre U 0OAaAQeT CBOMCTBOM «HECTAPEHUSA», TO €CTh AAS
AFOOBIX z,y > 0

PE>z+y|&>az)=PE>y),

TO OHa HMMeeT ITOKa3aTeAbHOe pacCIipepAeneHrne C HEKOTOPLIM IIapaMeTpOoOM (.

HopmanabHoe. ['OBOPAT, 4TO & UMeeT HOPMaAbHOE PacHpeAeAeHHe ¢ TTapaMeTPaMu a U o2, TAe

a €R, 0 >0, u mumyT § € N, ,2, €CAH { ©MEET CAeAYIOIIYIO TAOTHOCTh PACTIPEACACHHS:
(z—a)?
1 T 202
x) = e
fe(z) G

Y6epumcs, 9TO f¢(x) AeMCTBUTEABHO SIBASIETCS IAOTHOCTBHIO paclpepereHus. Tak Kak fe(x) >
0 prg Bcex z € R, To cBoicTBO (f1) BEImOAHeHO. ITpoBepuM BhIOAHeHUE (f2). VMcnoabzyem
TaOAUYHBIN UHTerpan (mHTerpan [lyaccona)

AAT AroGoro € R.

o0
/ e~ 12 dy = /2r.
—o0
3mom unmezpan Borucasemcs mak: [ e/ 2dx [ eV /2dy = [ [ e @) 24pdy =
(UunuHopuyeckas 3amMeHa NEPEeMEHHbIX T = rcos¢, y = rsing, derdy = rdrdg) =
27 oo 2T 0o
[ [re™2drdg = [ [e " /2d(r?/2)dp = 2.
00 00
s T 7(””2_0 ‘3)2 30MeHa NepemMeHHbIX
x)dr = e dz = _ A _
/f&() /J o t= . , dr=odt
—00 —00
o0 o
1 P2 1
:/e odt = — /e_t2/2dt:1.
oV2m V2T
—00 —0o0

HopmaapHOe (MHaue HasblBaeMoe rayccoBcKuM IIo mmMeHM Kapaa Taycca, cMm. rpaduk
IIAOTHOCTHU Ha Kymtope 10 DM) pacnpeapesreHNe UrpaeT UCKAIOUMTEABHO BaXXKHYIO POAb B TEO-
PUU BEpPOSTHOCTEHN, TTO3TOMY MBI OUeHb IMMOAPOOHO M3YUMM BCe CBOMCTBA 3TOTO paclpepene-
HUS.

8.2 CpolicTBa HOPMAABHOTO paclpeAeAeHus

HopmaabHOe pacnpepeAeHUe 3aAQ€TCs, KaK MBI BUAUM, C IIOMOIIIBIO MAOTHOCTU PacIipe-

2
AeneHus. CBsI3aHO 3TO C TeM, UTO HeAb3s BBHINMCATH IepPBOOOPa3HyIo OT (PYyHKIUM e~ ¥ HHaue
KaK B BHAE MHTErpaAd, IO3TOMY (PYHKIUIO paclpeAeAeHMs 3TOTO 3aKOHAa MOJKHO 3aIlMCaTh

AWIIBb B TAKOM BHAE!

z t—a)?

Fe(x) = B, pa(z) = / . 7

—00

dt.

oV 2

Mkl yacTo GyAeM HCIIOAB30BaTh OO03HaueHHe P, ,2(r) AAS QYHKIUH pPacIpeAeAeHHs HOp-
MaABHOTO pacIpeAeAeHHs C ITapaMeTpaMu a U o2,
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HNCKAIOUMTEABHO TTOA€3HO HApHCOBATh IpaUK IAOTHOCTH U (PYHKIIUM PacIpeAeAeHUs
(OTMETHUB TOUKM 3KCTPEMyMa, ITeperuOoB, TOCUYNTAB 3HaUYeHNe B TOYKe MaKCUMyMa ITAOTHOCTHU
¥ PacCTOSIHUE MeJKAY TouKaMu rneperr6os). 'padmK NAOTHOCTH M (DYHKIUU PACIPEAECACHUS
HOPMAaABHOTO PACIpPeAeAeHUs MOJKHO TaKKe MOCMOTPETh 3AeCh!
http://www.nsu.ru/mmf/tvims/chernova/PlotDist.html.

CTaHAApPTHOE HOPMaAbHOE pacIipeAeAeHue

Hopwmanstoe pactupeperenne N, 2 npu a = 0 u 02 = 1 Ha3BIBAETCS CMAHOAPMHBIM HOP-

ManeHeIM pacnpedeseHuem. TINOTHOCTH CTA@HAAPTHOTO HOPMAABHOI'O PACIPEAEAeHUs] HMMe-
2

er Bup fe(z) = —— e @ /2

V21

_42
e /2 qt TaOyAUpOBaHa (TO eCTh ee 3HaUeHMs BBIUMCAEHBI IIPU MHOTUX ) HOYTU

npu Ato6oMm z € R, a dyuknus pacunpeperenus ®g(z) =

X
/ 1
V2T
— O
BO BCEX MaTeMaTUYECKUX CIPABOYHMKAX. YCTAHOBUM CBs3b MEXAY P, 2 u Pq 1.

r—a
Ceoricteo 7. Aas awoboro x € R cnpaBegauBo coomuouienue @, 2 (x) = ®g < )
b ’ O-
AOKa3aTeAbCTBO.
3aMeHa NnepemeHHbIX z—a
T (t—a)® t—a & 2 /9
1 T 202 y = , dt = ody 1 v/
@a o2 (I‘) = e dt = o = e dy =
’ ov2rm T—a V2T
—69) t=x +— y= —o0
g

= g, <x_a). O
g

To >xe caMoe Ha SA3BIKe CAYYaMHBIX BEAMYUH MOJKHO CHOPMYAMPOBATH TaK:
—a
ChaepctBue 6. Ecau £ € N, 2, mo n=->—— &€ Ny;.
kl o ?
AOKa3aTeAbCTBO.

Fp(z) =P(n<z)=P <% <x> =P <or+a)=P,,2(00+a)=

CaepctBue 7. Ecau £ € N, 2, mo

P(x1 <E< x2) _ <Da,02($2) _ q)a’UQ(q;l) = (I)071 <SL‘20— a> _ CI)o,l <III1U— a> .

Kak MBI BUAUM, BEIUUCAEHHUE AIOOBIX BEPOSITHOCTEN AAS HOPMAABHO PACIIPEAEACHHOU CAY-
YAaWHOU BEAMYMHBI CBOAUTCS K BBIYMCACHHIO (DYHKIUM pacupepereHus Pg;. Ee csoiicTBa
(HapucoBaThb UX Ha rpaduKe NJ0MHOCMU CTAHAQPTHOTO HOPMAALHOTO pacupejpenreHus!!):

CsoiicTBoO 8. ®y1(0) = 0.5.

CgoticTBO 9. q)(] 1(*$) =1- (I)o 1(1’)
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http://www.nsu.ru/mmf/tvims/chernova/PlotDist.html

CporictBo 10.  Ecau £ € Ngj, mo P(|¢| <z)=1-2®g;(—z) =2P¢,1(z) — 1.

AokazareabcTBo. P(|¢| < z) = P(—z < § < z) = Pp1(z) — ®p1(—x) = (mO cBoOMCTBY 9)

=1-2%¢1(—2) =2Pg(x) — 1.
O
CsorictBo 11 («I[IpaBHAO Tpex CHUIM»). Ecau § € N, ,2, mo
P(|¢ — a] > 30) = 0.0027 (Maro, B obwem :).
AoOKa3aTeAbCTBO.
E—a
P(l¢—a|>30)=1—-P(|{—a|]<30)=1—-P . <3).

Ho BeAMuMHa 1) = ~—— HMMeeT CTAHAAPTHOE HOPMAABHOE PACIpPeACACHHEe, U MOJKHO HCIOAB-

(o
3oBath cocTtBo 10: 1 —P(|n| < 3) =1— (1 —2®¢1(—3)) = 2®g,1(—3) = 2-0.00135 = 0.0027
(HaitTu B TaOAuIle!).

O

CwMmrbIcaa B 3artoMuHaHuu uncAa 0.0027 HeT HUKAKOT0, @ BOT IIOMHUTD, YTO IIOYTH BCSI Macca
HOPMAaABHOTO PAaCIIPEAEAEHUsT COCPEAOTOUYeHA B rpaHuIax [a — 30, a + 30|, BCeraa moaesHo.
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Pa3zpen 9. CayualiHble BEKTOpPa M UX paclpeAeAeHUs

Omnpepenenune 30. Ecau caydaliHble BEAWYHHE £, . .., &, 3aAaHBI HA OAHOM BEPOSITHOCT-
HOM IIPOCTPAHCTBE, TO BeKTOp (&1,...,&,) MBI OyAe€M HA3bIBATH CAYYalHbIM BeKMOpPOM.

Omnpepenenne 31. Dywxnusa Fe ¢ (21,...,2,) = P(& < 21,...,§ < z,) Ha3bBaercs
@yHkyuel pacnpedesneHus caydarinoro Bektopa (&1,...,&,) UAU gyHKYyuel coBmecmHo2o pac-
npedesieHus CAyYalHBbIX BEAUYUH &1, . .., &,.

9.1 CsoiicTBa QyHKIUM COBMECTHOIO pacrpepeAeHus

AASI IPOCTOTHI 0OO3HAUEHUU BCe AAABHEMINNE PacCyKAeHUsS U (POPMYAUPOBKU IIPUBO-
AATCSI B CAy4ae n = 2 AAS CAyYalHOro BekTopa (£1,£2).

F0) 0 < Fg g (21, 22) S 1.
F1) F¢ ¢, (21, 22) He yOBIBaeT 10 Ka)KAOM KOOPAMHATE BEeKTOpa (1, %2).

F2) Aas ato6oro i@ = 1,2 cymectByer lim  Fy ¢, (v1,22) = 0;
T;——00

Ans aroboro i = 1,2 cymectByer lim F¢ ¢, (21, 22). IIpu aTOM
x;—00

def . def .
F§17§2(Oovx2) = z}linoo F§17€2(x17x2) = F§2 (.1‘2), F€17§2 (xl?oo) = xllinoo F§1752(x1’w2) = F€1 (.%'1)

F3) Oynkmua F¢ ¢, (x1,x2) IO Ka’KAOH KOOPAMHATE BeKTOpa (1, %2) HEIIPEPEIBHA CAEBa.

AOKa3aTeAbCTBO 3THUX CBOMCTB COBEPIIEHHO aHAAOTMYHO OAHOMEPHOMY CAYYAlo.

TOABKO Tellepb 3THUX CBOMCTB OKAa3bIBAETCS HEAOCTATOYHO AAS ONMMCAHUA KAacca PYyHKIIUU
COBMECTHOTO paciipepereHUs. Haue TOBOPS, BBLITTIOAHEHUE I3TUX CBOUCTB AASI HEKOTOPOM
dyukuuu F : R? — R BoBce He rapaHTUpPYyeT, UTO 3Ta (PYHKIU ABASETCs (PYHKIHel paclpe-
AE€AeHUsT HEKOTOPOTO CAYYalHOTO BEKTOPA.

Vopaxaenue 12. AokazaTk, 4TO PYHKIUA

0, 21 <0wvnmzo <0unm 1 + 22 < 1

Fla,z) = {1, vHayve, TO eCTh KOTAQ OAHOBpeMeHHO x1 > 0,z > 0,21 + 22 > 1.

a) yaoBaeTBOpsieT BceM cBoiictBaM (F0)-(F3);

6) He sgBAsieTCSI (PYHKIMEN paclpeAeAeHUss HUKAKoro BeKTopa (£1,&2) XOTs ObI MOTOMY, UTO,
HaMAMCH TaKOW BEKTOP, HAMAETCS U HPSIMOYTOABHUK [a1,b1]| X [ag,be], BEpOSITHOCTH mOTACTD
B KOTODPBIM (BBIYUCAEHHAsA C IIOMOIIBIO 3TOU «(PYHKOUM PACIPEAEAEHUs») OTPHUIATEAbHA:
P(a1 < 51 < bl,CLQ < 52 < bg) < 0!

Kaxk e cBs3aHa BEPOSATHOCTH BEKTOPY IOIACTh B IIPIMOYIOABHUK C (PYHKIJUEHN paclpe-
AEAEHUs 3TOTO BeKTopa?

Vopakuenue 13. AokaszaTb, 4YTO

Pla1 < & <bi,ag < & < ba) = Fyy 6, (b1,b2) — Fy g, (a1, b2) — Fe, ¢, (b1, a2) + Fy, g,(a1,a2). (12)

Oka3splBaeTcs, eCAU IIOTpeOOBaTh AOIIOAHUTEABHO OT (DyHKOUU F', 4TOOBI AAST BCSIKOTO
IPSIMOYTOABHUKA [a1,b1] X [ag,be] BepositTHOCTE Pa; < & < by as < & < by), CBs3aHHas C
dyukmuernt F' paBeHcTBoM (12), O6blrna HeOoTpUIlaTEeAbHAa, TO Al0Oasg (PyHKIUSA, obAaparolias
atuM cBorictBoM u cBovicTBamu (F0)-(F3), y>ke 6yaeT DyHKIMEN pacipepeAeHust HEKOTOPOTo
CAY4YaMHOTO BEKTOPA.
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Ha camom desne cyuecmBo cBoiicmBa (F2) 8 mol ezo yvacmu, ymo kacaemcs npedesa Ha bec-
KoHeyHocmu, Becema mymarHo. YmBepicdaem smo cBolicmBo 2opaszdo 6osbuwie, 4em npPocmo
«npedes hyHKyuu coBmecmHo20 pacnpedeneHus npu cmpemaeHuu o0HolU KoopouHamsl Kk 6ec-
KOHeYHoCcmu ecmos modce yHkyus pacnpedeserusis. Ho kak B8 obwem cayyae npoBepume,
Ymo 3mo He NPocmo «HEKas QPYHKUUS pacnpedeseHus», HO YHKYUs pacnpedeseHus ocmaB-
welica koopounamer Bekmopa (£1,&2)? Ecau, He nykaBs, paccmompems B ynpaxcHeruu 12
Fi(x1) = limg, oo F(x1,22) U Fo(xo) = limy, o F(x1,22), mo 0be amu ¢pyHkyuu sBasiomcs
pyHkyusmu pacnpedenerus (BoiporcOeHHo20 3aKOHA, m.e. caydalnblx Beaudur & =0 u &y =0
n.H.). Ho 0Be BvipoxcderHovie cayyalinbie Beauyursl HE3aBUCUMBI, U UX GYHKYUS coBmecmHoz20
pacnpedesnenus paBHa 1 8 nepBom kBadpanme (He BkaoYas €20 epaHuyy) u HYAo B 0CMAaibHbIX
kBadparmax, HO HUKak He paBHa F. OcmaGBaso Ha cyd yumamess Bonpoc o mom, BbinoAHEHO
sau Bce-maku ycaoBue (F2) das F uz ynpaxcHerus 12.

9.2 Twunbl MHOTOMEPHBIX pacIipeAeAeHun

OrpaHUYMMCS PaCCMOTPEHNEM TOABKO ABYX CAydYaeB, KOTAQ COBMECTHOE pacIIpeAeAeHue
KOOPDAMHAT CAy4YalHOro BekTopa (1,&2) Aubo duckpemHo, Aubo abconomHo HenpepsiBHo.

AI/ICerTHOG COBMECTHO€ pacIiipepeneHne

Omnpepenenue 32. TOBOPSAT, YTO CAydYaWHBIE BEAMUUHBI {1,{y UMEIOT OUCKpPEmHoe COB-
MeCTHOe pacIpepeAeHMe, eCAU CYIIeCTByeT KOHEUHBIM MAM CYeTHBIM Habop {a;, b;} Takoi,
4TO

ZZP(& =a;,§=0b;) =1

i=1 j=1

TabAuny, Ha IepeceyeHnu - CTPOKU U j-TO CTOADIIa KOTOPOU (MAM HAOOOPOT) CTOUT YHUCAO
P(&1 = ai, &2 = b;), HasbBaIOT mabsuyeld coBmecmHozo pacnpedeseHus CAydalHBIX BEAUYNH

&1 u &o.

3ameuanue 16. HanoMHIO, 4TO TaOAUIIEI PaCIIpeAACHUS Ka’KAOU U3 CAYYaMHBIX BEAUYUH
&1, &2 B OTAEABHOCTH (TAOAUWIIBI YACTHBIX, UAU MAP2UHA/bHLIX PACIIPEAEAEHUM) BOCCTAHAaB-
AMBAIOTCS MO TabAUIle cOBMECcMH020 PpacIlpeAeAeHUs C MOMOIILI0 OUEBHUAHBIX (DOPMYA:

Y Pléi=aib&=b) =Pl =a), Y P€1=aié=b)=P&=b).
j=1 i=1

EcAu 3Ti OpMyABL BaM He IIPEACTaBASIOTCS OYeBUAHBIMY, HEOOXOAUMO BEPHYTHCS K PA3AEAY
4 ¥ mepedyuTaTh oUpeAeAeHMe 18 IMOAHOM Ipymnnbl COOBITHM, OOpPaTUB Tak’Ke BHUMaHNE Ha
AOKAa3aTeAbBCTBO TeopeMbl 8 ((DOPMYABI IOAHOU BEePOSTHOCTH).

AGCOAIOTHO HEIIPEPBIBHOE COBMECTHOE pPaclpeAeAeHue

Omnpepenenne 33. ToBopsar, uto c.B. £1,&2 (3apaHHBIE Ha OAHOM BEPOSTHOCTHOM IIPO-
CTPAHCTBE) UMEIOT ab6coMomHo HenpepsiBHoe coBmecmHoe pacnpedeseHue, eCAU CyIeCTBYeT
dbyHRINA fe, ¢, (21, 22) > 0 TaKasg, YTO AT AFOOOM TOUKH (X1, %2) € R2

x1

o
Fey g5 (v1,22) = P(&1 < 21,62 < x2) = / / ferea(s1,52) dsa | ds.

—00 —00

Ecan Takas QyHKIUSA fe ¢, (21, 22) CyIIeCTBYeT, OHa Ha3BIBAETCS N/J0MHOCMbIO COBMECMHO20
pacnpedenerus CAydaHBIX BEAWYUH &1, &o.
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3ameuanue 17. AAs Bcero paabHeHINero 6oaee ueM AOCTATOYHO CUMTATh, YTO
by b
/ /f(Sl,SQ) dSQ d81
a1 as

paBHsIeTCsT 00BeMy IMOA TPaUKOM (DYHKIUHU [ Hap OOAACTHIO MHTETPUPOBAHUSI — MPSIMO-
YTOABHUKOM [aq, b1] X [ag, ba).

ITAOTHOCTH COBMECTHOTO pacHpeAeAeHUs oOAapaeT CBOMCTBAMHU, aHAAOTMUHBIMU CBOMU-
CTBAM IIAOTHOCTH PACIIPEAEACHUS OAHOU CAYYaMHOW BEAWYUHBI:

o0 o0
(F1)  fe, 6, (21, 22) > 0 AAsT ATOOBIX 71, 72 € R; (€2) [ | [ fae(z,m2)drs | dog = 1.
—0o0 —00

Boaee Toro, Arobasg yHKOUSI, OOAQAQIOINAs 3THMH CBOUCTBAMU, SABASIETCS IIAOTHOCTBIO
HEKOTOPOTO COBMECTHOT'O PaCIIPEeAEAeHMUSs.
Ecau coBMecTHOe pacnpepeAeHre aOCOAIOTHO HEIIPEPBIBHO, TO IO (PYHKITUM COBMECTHOI'O
pacIpeAeAeHus] ero IIAOTHOCTE HaXOAMTCS KaK CMeIllaHHas YacTHAasl ITPOM3BOAHAS:
82
03)  for0(@1,22) = 55— Fe, (21, 22)-

W3 cBovictBa (F2) DyHKIIMM COBMECTHOTO pacCIpeAeAeHUs BBITEKAeT CAEAyIollee yTBep-
JKAeHMe. AAd n > 2 9TO yTBepyKAeHUe, Kak U cBOUCTBO (F2), BRITAIAUT CyIlecTBeHHO nHaue!

Teopema 22. EcAu cAyualinble BeAUUUHBl £1,&9 umerom aOCOAIOMHO HenpepblBHOE COB-
MecmHoe pacnpegeAeHue ¢ niomHocmblo f(x1,x2), mo & u {3 B omgeabHOCIMU MAKXKe uMerom
abcoAOMHO HenpepblBHOE pacnpegeAenle ¢ NAOMHOCMAMU!

f&(sl): /f<31732)d32§ f§2(82): /f(Sl,Sg)dsl.

AokasareabcTtBo. [To (F2),

T X9 x1 e’}
F£1 (.261) = lim F&’& (1’1,.%'2) = lim / f(Sl, 32) d82 d81 = / / f(Sl, 82) d32 dsl;
T2 —00 X9 —00
—0o0 — 0o —0o0 — 0o
f§1 (Sl)
U, @aHAAOTHUYHO,
T X9 0 T2
Fey(e) = lm Fg g, (x1,22) = lim / f(s1,82)dsy | ds1 = / / f(s1,82)dsa | ds1 =
xr1—00 xr1—00
—00 —0o0 —00 —0oQ
x9 e’}
= / / f(Sl,SQ) d81 d82.
—0o0 — 0o
f§2 (82)
O
9.3 He3aBUCHUMOCTh CAYYaNHBIX BEANYUH
Omnpepenenne 34. CaydaliHble BEAMYUHH &1, . . ., &, He3aBucumsl, €CAU AAST ATOOOTO HabO-
pa mHOXecTB B; C R, ..., B, C R (13 GopereBCKOM g-aATeOphl — AAST T€X, KTO MPOYUTAA, UYTO 3TO

TAKO€, UAU IIPOMU3BOABHBIX — AAA T€X, KTO HE HpO‘{I/ITa_A) nMeeT MeCTO paBeHCTBO.

P(& € By,...,6n € By) =P, € By)-...-P(&, € By).
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OTO ompeAeAreHre MOKHO C(POPMYAMPOBATH B TePMHUHAX (PYHKIIUHM pacIpeAeAeHMUs:

Omnpepenenne 35. Cay4yaliHble BeAWYMHBl &1,...,&, He3aBucumel, eCAUM AAI  AIOOBIX
x1,...,T, UMEET MECTO PaBeHCTBO:
Fe e (@1,. .., 2n) = Fg(21) - ... - Fe, (Tn).

Vopaksenne 14. A0OKasaTh, YTO M3 HE3aBUCHUMOCTU B CMEBICAE OIIpeAeAeHUs 34 CAeAyeT
HEe3aBHCUMOCTb B CMBICAE OlIpepeAeHus 35 (AOKa3aTeABCTBO B OOPATHYIO CTOPOHY CM. (TOAB-
Ko cM.!) B §4 ra.3 yueOHHuKa A.A.BopoBKOBa «Teopus BepOATHOCTEN»).

AA}I CAY‘IB.I;'IHBIX BEAWMYMH C AMCKPETHEIM DACIIpeAeAeHHMeM 3KBHUBAAEHTHOE OIIpeAeNeHue
HEe3aBHUCHUMOCTHU BBITAAAUT TAK:

Omnpepenenne 36. CaydaliHble BEAUUUHH! &1, . . ., £, C AUCKPETHBIM pacIlpepAeAeHueM Hes3a-
Bucumsbl, €eCAML AN ATOOBIX aj, . . ., Gy UMEEeT MEeCTO PaBEHCTBO:

P(é-l:ala"'agn:an):P(é-l:al)'--~'P(§n:an)-

Vopaxxnenue 15. AoOKa3aThk, YTO A CAYYAWHBIX BEAUUUH C AMCKPETHBIM PAcCIIpeASAeHU-
eM onpepereHusa 34 u 36 >KBUBAaAEHTHHI.

AAS CAYUYAUHBIX BEAWYUH C abOCOAIOTHO HEIPEepBLIBHBIM COBMECTHBIM paclipepereHueM
olpepeAeHNe He3aBUCUMOCTH MOXKHO CPOPMYAHUPOBATH TaK:

Omnpepenenne 37. CaydyaliHble BEAUYUHH! &1, . . ., £, C @OCOAIOTHO HellpepLIBHBEIM COBMECT-
HBIM pacIlpeAeAeHueM He3aBucumsl, eCAU IAOTHOCTb COBMECTHOI'O paclIpeAeAeHNs paBHa IIpo-
U3BEAEHUIO IIAOTHOCTEMN CAyYaWHBIX BEAWYMH 1,...,&,, TO €CTh AAS AIOOBIX X1, ...,T, UMEET
MeCTO PaBeHCTBO:  f¢, ¢ (®1,...,2n) = fe,(x1) - ... - fe,(zn).

AoxkazaTeAbCcTBO. Jokaxcem 3kBuBaseHmHocms omnpeperenutt 35 u 37. Ilo Teopeme 22,
€CAV COBMECTHOe paclpepereHme &i,...,&, abCOAIOTHO HEIPEepHIBHO, TO M B OTAEABHOCTHU
&1,. .., &, TakKe MMeIOT abCOAIOTHO HeIlpephIBHOE paclpepeAeHMe. [1ycTh cAydyaliHbIe BeAU-
YHUHHI €1, . . ., &, HE3aBUCUMBI B CMBICAE OTIPEAEAEHUS 35, TO €CThb AT AFOOBIX X1, ..., Ty

xr1

Tn
/ c. / f£17-~-7§n (81, PN ,Sn) dSn PN d81 = Ffl,-n,ﬁn (:131, PN ,l‘n) =
= —o0
= { mo omp. 35 } = Fe(z1) ...  Fe,(2n) =

1

- 7f§1(sl)dsl....- 7f£n(sn)dsn = / 7]“51(51)-...-fgn(sn)dsn... ds1.

PaBeHCTBO AByX CUHUX MHTErPAAOB IIPU BCEX 3HAUYEHUSAX 1, ..., Ty BACUET PABEHCTBO IIOABIH-
TETPAAbHBIX BBIPA’KEHUU, TO €CTh HEe3aBUCUMOCTb B CMEICAE oOllpepereHus 37. AAd pOKasa-
TEABCTBA B OOPATHYIO CTOPOHY MOJKHO MCIIOAB30BATh Te K€ PABEHCTBA, HO B APYT'OM IIOPSIA-
Ke. U
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Pa3zpen 10. IIpeoOpa3zoBaHusI CAydallHbIX BEANYUH

10.1 TIIpeoOpa3oBaHUEe OAHOU CAYyYaWHOU BEAUYMHBI

MBI 6yAeM paccMaTpPUBaTh TOABKO IPeoOpa30oBaHUsA CAYUYAWMHBIX BEAWUYMH C aOCOAIOTHO
HEIIPEPBIBHBIMU pacIpepereHUaMU. IlycTb c. B. £ nMeeT (yHKIUIO pacupepereHus Fe(x)
U TIAOTHOCTE paclpepereHusi f¢(x). IlocTpomm c momompbio dyHKIuE g : R — R cayuaii-
HyI0 BeanuuHy 1 = ¢(§). TpeGyercs HalTH (PYHKIHMIO paclpeAeAeHUs U, €CAU CYIIEeCTBYET,
IIAOTHOCTH PaclpepereHusd 7).

3ameuanue 18. TIAOTHOCTL pacIpeAeAeHUs] CAYIAHHON BEeAMYUHEBL 1) = g(§) CyIecTByeT
AAAEKO He IIPU AIOOBIX QYHKIMAX ¢g. Tak, ecAn (OyHKIUS g KyCOYHO-IIOCTOSIHHA, TO C. B. 7
UMeeT AMCKPETHOe paclpeAeAeHle, U IAOTHOCTD ee paclipepAeAeHUsl He CYIIeCTBYeT.

Vopakaenue 16. [lpuBecTy npuMep cAydaliHOW BeAWYMHBI £ ¢ aOCOAIOTHO HENpPEepHIB-
HBIM paclpepeAeHrueM U HenpepsiBHol (PYyHKIUU g TakoM, uTo 1 = g(£) umeer
a) AMCKpEeTHOe pacIpeAeAeHuE; 6)* HeBbipoicOeHHOEe A\VCKPETHOE paclipeAeAeHue.

TThoTHOCTE pacupepereHus: g(£) 3aBEAOMO CYILIECTBYET, €CAM, HapuMep, MYHKIUS g MO-
HOTOHHA («CTPOTO MOHOTOHHA»). BCIIOMHMM, UTO O3HayaeT «HAWTU NAOTHOCTH pacIipepeAe-
HUA 1), €CAU OHA CYILIECTBYET».

[To onpedenenuro, ecau moi npedcmaBum (05 106020 x) hYHKYUIO pacnpedesneHus 1
X

8 Bude F,(z) = [ h(y) dy, ede nodeinmeepansHas ¢pyrkyus h(y) HeompuyamenoHa,

mo naomHocms pacnpedesenus c. 8. n cyuecmByem u 8 moyHocmu paBHa nodviHme-
epaneHol gpyHkyuu: fr(x) = h(x).

Tak uTo AOKA3bIBATh CYIIEeCTBOBaAHHE IIAOTHOCTHU PACIIPEeACACHUd U HAaXOAUTH ee MBI 6Y-
A€M OAHOBPEMEHHO, HaXO0Ad HYy>KHO€ MHTEeIPDAAbHOE IIPEACTABACHUE AAAT CI)YHKHI/II/I pacipepe-
ACHUA.

Teopema 23. [lycms £ umeem ¢ynkyuto pacnpegerenus Fe(x) u naomnocms pacnpegeae-
Hua fe(x), u nocmosanKHas a omaudHa om HyAs. Torga cayuatinas BeauduHa 1 = a + b umeem

1 x—b
niomnocms pacnpegerenus fp(x) = al - fe — )
AoxkazareabcTBO. [lycTh cHauana a > 0.
(z—b)/a
x—b x—b
Fn(x) = Fag_,_b(l‘) =Plaé+b<a)=P&< a = F; a = ff(t) dt =
3ameHa:t:y_b, dt:% xl y—b
- , : =[5 5(U) an
&%= a a
t= —y=x, t=—00rH Yy=—00

—0o0

TO eCTh IpH a > 0 cAaydariHasg BeAmunHa 1 = al + b MeeT aOCOAIOTHO HENIPEPBLIBHOE pPacIpe-

AeAeHMe C IAOTHOCTEIO
1 T —0b 1 r—b
=L (220 -1 (22,
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ITycts Temeps a < 0.

T —b 7
Fn(l) :Fa5+b(x):P(a£+b<x):P<§> a ): fg(t) dt =
(z—b)/a
= 3afwe/-/a:t:y_b, dt:@, t:x_bHy:x, t=00+H y=—00 } =
a a

) f () o

TO ecThb IpU a < 0 caydaliHas BeAudmnHa 1) = af + b uMeeT aOCOAIOTHO HellpephIBHOE paclipe-

1 -b
AeAeHIe C IIAOTHOCTEIO fy(x) = T fe (%) =

AAS TIPOM3BOABHOM MOHOTOHHOM (DYHKIIUU ¢ (TO €CTh TaKOW, UTO AAST AIOOBIX 71 < T2
An60o g(z1) < g(x2) (MOHOTOHHO Bo3pacraromias GyHKIUA), An60o g(x1) > g(r2) (MOHOTOHHO
yOBIBaromasa (yHKIMS)) CIPAaBEAAMBO aHAAOTUUYHOE TeopeMe 23 yTBEpPKAEHUE.

Teopema 24. [lycmp  umeem ¢ynkyuio pacnpegerenus Fg(x) u naomnocms pacnpege-
Aenus fe(x), u @pynkyua g : R — R monomonna. Torga cayuatinas BeauuuHna n = g(§) umeem
naomHocmb pacnpegeAeHus

1

@) = (T @)

fe (97N ().

I — ¢ynxyus, obpamnas K g, u ————— = (g~ (z))’ — npoussognas ¢ynxyuu

SEE g (97 (x))

97 ().
VnpaxHenue 17. AokazaTb Teopemy 24.

Chepyrole yTBEPIKAEHHSI CPa3y CAEAYIOT M3 TeopeMbl 23. [lepBoe M3 HHX MBI yKe
AOKa3bIBaAW HEIIOCPEACTBEHHO. Jokazame ocmasbHsie.

CaepactBue 8. Ecau § € Ngj, mon=o0+a € N .

A Aei fala) 1f<x_a> L
OKa3aTeAbCTBO. AeHcTBUTEABHO, f,(z) = — = e 20
K a*\ o o2
]
n—a

CaepctBue 9. Ecaun € N 52, mo § = € No1.
CaepctBue 10. Ecau &€ € E,, mo n = o€ € E;.
10.2 @PyHKHUU OT ABYX CAyYaHHBIX BEAWYNH

IMyctb &1,£2 — CAyYaliHBle BEAWYMHBI C IAOTHOCTBIO COBMECTHOI'O PpaclpepeAeHUs

fei 6o (x1,22), ¥ 3apaHa PYHKIUS ¢ : RZ2 - R. Tpebyetca HaNTH (PYHKLOUIO (& €CAM Cylle-
CTBYET, TO U IIAOTHOCTB) PACIPEACACHUs CAyYalHON BeAnduHEl 1) = g(&1,&2).
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IToAB3ysch TeM, YTO BEPOATHOCTH CAYYaMHOMY BEKTOPY IIONACTh B OOAACTH MOJKHO BHI-
YUCAUTL KaK 00BbeM IOA IparUKOM NAOTHOCTHM pPacCIIPEAEAEHUS BEKTOpPa Hap 3TOM 0OAACThIO,
chopMyAUpYyeEM YTBEPKAEHUE.

Teopema 25. Ilycmb x € R, u obaacms D, C R? cocmoum u3 mouek (1, x2) makux, umo
g(z1,22) < z. Torga cayuaiinas Beauuuna n = g(&1,&2) umeem yHKyulo pacnpegeienus

Fy(z) = P(g(&1,6) < x) =P((é1,62) € D) = / fer.65 (1, x2) dwg day.

Dz

BCIOAY AaAee B 9TOM TAABE IIPEAITOAATaeTCs, UTO CAyJYalHbIE BEAUUUHEI & U £, HE3aBUCH-
MEI, TO €CTb fg, ¢,(21,%2) = fe, (%1) fe, (22).

CaepctBue 11 (Dopmyaa cBeptku). Ecau c. B. & u £ He3aBUCUMBL U UMeom a6COAIOMHO
HenpephlBHOe pacnpegeAenue ¢ niomHocmamu fe (x1) u fe,(r2), mo naiomnocms pacnpegene-
Hus CyMMbL §1 + 2 PABHA «CBepmMKe» NAomMHocmel fe, u fe,:

i) = / fer () fer(t — ) du = / feo ) feo(t — ) du (13)

AoKazaTeAbCTBO. BOCIIOAB3yeMCsT yTBEPKACHHUEM TeopeMbl 25 AAST DYHKIUU ¢(x1,T2) =
x1+xo. Uterpuposanue no obractu D, = {(r1,22) : o1+2x2 < £} MOKHO 3aMEHUTH TIOCAEAO-
BaTeAbHBIM BBEIUUCAEHUEM ABYX MHTETPAAOB: HAPY’KHOTO — IO IepeMeHHOM x1, MeHSIoeNncsa
OT —00 AO 00, U BHYTPEHHEro — IIO IIepeMeHHOM Xy, KOTOpas IpU Ka’XKAOM X1 AOAKHA OBITh
MeHblle, 4eM = — 1. To ectb D,y = {(z1,22) : x1 € (—00,00),22 € (—00,x — x1)}. [ToaTomy

Feyye,(2) =/ fer,6,(T1, 2) drg dy HeBaBZHC_TB/ fe, (21) fey(w2) dxodry =

D, D, o ) e
[ [ 5o atenyins | o

CaenaeM B IIOCAEAHEM MHTEIrpaAe 3aMeHy IIepEMEHHOU Zo Ha t Tak: x2 =t —x1. Ilpu aTOM
xg € (—oo0,x — x1) meperpeT B t € (—oo,x), dry = dt. B IOAyYeHHOM HHTerpare MeHseM,
HaKOHeIl, TOPSIAOK MHTETPUPOBAHUS:

Fey6,(z) = / / fer(@1) feplt — 1) dt | day = / / fer(@1) feplt — 1) day | dt.

~~

f§1+fg (t)

x
VTaK, MBI IPEACTaBUAU (DYHKIMIO pacrupepereHus Fe ¢, (z) B BUpAe [ fe 4¢,(t) di, TA
o0 o0 —0o0
forres® = [ feon) St —a)dor = [ o) fealt — ) du.
—00 —00

BTopoe paBeHCTBO moAy4aeTcsa AMOO M3 ePBOrO 3aMEeHOU IepPeMEeHHBIX, AM0O €CAU BCIOAY B
AOKa3aTeAbCTBe MTOMEHSTh MeCTaMU MHAEKCHI | U 3. O

ChepcTtBue 11 He TOABKO NpepraraeT (OPMYAY AAS BBIYUCAEHUS IIAOTHOCTH pacIipepe-
AE€HUS CYMMBI, HO U YTBEP’KAAET (3aMeTbhbTe!), 4TO CyMMa ABYX HE3aBUCHMBIX CAYYaMHBIX
BEeAMYUH C aOCOAIOTHO HEIPePBIBHBIMU PacIpeAeAeHUSIMU TakyKe UMeeT aOCOAIOTHO Hellpe-
PBIBHOE paclpepenreHre. Aad TeX, KTO y’Ke HU4eMy He YAUBAGeTCS, yIpaKHeHue: npuBecmu
npumep 08yx cay4aiHblXx BeauduH ¢ abCoMOMHO HENPePbIBHLIMU PACNPESEAEHUSMU, MAKUX YMO
ux cymma umeem BbiposxcoeHHoe pacnpedeneHue.
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Ecam paske 0AHA M3 ABYX HE3aBUCHUMBIX CAYYAaWHBIX BEAMYHH UMEeT AUCKPETHOe, a BTOpast
— abCOAIOTHO HETPEpPBIBHOE pacIlpeAeAeHre, TO UX CyMMa TOXKe MMeeT abCOAIOTHO Helpe-
PBIBHOE pacIlipeAeAeHMe, KaK IMOKa3bIBaeT CAEAYIollee yIIpaskHeHe.

Vopaskuenwne 18. Tlycth c. B. § uMeeT Tabauiy pacnpeperenus P(§ = a;) = p;, c. B. 7
MMeeT IIAOTHOCTb PACIpPEAEAeHHs fy,(z), U 9TH BeAMYMHBI HE3aBUCUMEBI. AOKa3aTh, 4To § + 1)
uMeeT IAOTHOCTE PacmpepereHus fei,(x) = > pify(r — a;).

i

10.3 IIpumepsl NCHOAB30BaHUS (POPMYABI CBEPTKU

ITpumep 27. IlycTh He3aBUCHUMBIE CAyUYaWHbIe BEAMYUHHI £ U 1) UMEIOT CTaHAAPTHOE HOp-
MaAbHOE paclpepereHHue. AOKakKeM, YTO UX CyMMa MMeeT HOPMAAbHOE paclpepeAeHHe C
napamerpamu 0 u 2.

AoxkazareabcTBO. [lo popMyae CBEpPTKH, IAOTHOCTE CYMMBI paBHA

T T T 2.2
1,2 1 2 1 2 .2 —| v +F5 —xu
_ = 5ut —5(z—u) du = = 5 (2uite wiu)d _ - ( 2 )d )
feqn(x) / 5 € e u / 5 u 5 u
— 0 —00 =€
BeipeAnM TIOAHBIM KBAApaT IO w B MOKal3aTeAe SKCIIOHEHTHI: u? + % — U = (u = %)2 + ‘%2.
Torpa
22 oo 22 oo 22 oo 2
-4 1 _(U_E)Q 4 / 1 .2 1 4 / 1 .2 1 4
T)=¢€ —e 2) du=c¢e —e Vdv=——=c¢ —eVdv=—=e .
fetn(x) / 2 21 2/ Jr 27
—00 —0oQ —0oQ

[TocrepHee PABEHCTBO BEPHO IOCKOABKY IIOA HHTETPAAOM CTOUT IIAOTHOCTH HOPMAABHOI'O
pacrnpepenreHuss ¢ napamerpamMu 0 m %, TAaK 4YTO MHTErpaA MmO Bcel IpaMol paBeH 1.
WTak, MBI IOAYYUAM, YTO MAOTHOCTH CYMMBI €CTh IIAOTHOCTh HOPMAaAbHOTO PaCIpPeAEAeHUs C

napamerpamu 0 u 2. ]

Ecam cymMMa ABYX HE3aBHCHMBIX CAYYAMHBIX BEAMYUH K3 OAHOI'O U TOTO JKe paclipejpene-
HUS (BO3MOJKHO, C Pa3HBIMU IlapaMeTpaMM) MMeeT TaKoe JKe paclpepereHUre, TOBOPAT, UYTO
3TO paclpepeAeHlre ycmolyuBo OTHOCUTEABHO CYMMHUPOBAHUS.

B caepyroniux yTBepIKAEHUSX, AOKa3aTh KOTOPHIE IIPeAAaraeTcsl YUTATeAIO, IepeUrCAeHE]
IPAaKTUYeCKH BCe YCTONYMBLIE paclpepeAeHus. Elle ¢ OAHMM M3 HUX (pacIpepereHreM X2)
YUTaTeAb II03HAKOMUTCA B Kypce MaTeMaTHueCKOM CTaTUCTUKU.

Aemma 4. Ilycmb cayuatinble Beauuwunbnt & €11y, u n €11, nesaBucume. Torga
§+n € Uiy
Aemma 5. Ilycmb cayuatinble BeAuuunbl § € By, u n € By, HesaBucumbl.  Torga

§+ n S Bn+m,p-

Aemma 6. [lycmb cAyuaUHble BeAUHUHBl & € Nal’g% une€ Naw,% HesaBucumbl. Torga
£+n € Na1+a2,af+ag'

AeMMy 6 MBI AOKa>keM MO3AHEE, UCIIOAB3YS allllapaT XapaKTepUCTHYeCKUX (DYHKIINN, XOTI
IpY HEKOTOPOM TepPIeHUU MOJKHO IOIIPOOOBATh AOKA3aTh €€ C IOMOIbI0 (DOPMYABI CBEPTKH,
Kak B mmpumepe 27.

IlokazaTeArbHOE pacIpejpereHHe He YCTOMYHWBO IO CYMMHPOBAHUIO, OAHAKO €ro MOJKHO
CUUTATh YaCTHBIM CAyYaeM raMMa-paclipepeAeHus, KOTOPOoe y>Ke B HEKOTOPOM CMBICAE YCTOMU-
YMBO OTHOCUTEABHO CYMMHPOBAHUS.
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Omnpepenenne 38. ChyualiHasi BeAMUnHa  uMeeT 2amma-pacnpedeserue I, \ ¢ mapameT-
pamu « > 0, A > 0, eCAu OHa UMeeT MAOTHOCTb pacIlpeAeAeHUs

0, npu z < 0,
fg(&?) - { A—-1_—ax
c-x e, mpux >0,
o0 o0
rAe IOCTOSIHHASI ¢ BBIYHCAsieTCst U3 ycroBust [ fe(z)dr = ¢ f e dy = 1, To ecTh
—00 0
a

C= —/—.

I'(A)

30eco T'(\) = [2* e @de = (A — 1)[(A — 1) — eamma-¢pynryus Jinepa;
0
npu k yenoix T'(k) = (k—1)! v T(1)=1.

3aMeTuM, 9TO II0OKa3aTeAbHOe paciipepeneHue Ea €CThb r'aMMa-pacCIIpeAeneHure I‘a,l'

AemMma 7. [lycmb He3aBucumble CAyualinble BeAuduHnnl £1,...,&, UMEOM NOKA3ameAbHOe
pacnpegerenue E, =Ty 1. Torga &+ -+ &, € L.

AOKa3zaTeAbCTBO. AOKakeM YTBEP’KAEHHE IO MHAYKIUU. I[lpu n = 1 OHO BEPHO B CHAY
paBeHctBa E, = I'y 1. [lycTh yTBepKAeHME AeMMBI CIIPABEAAMBO AT n = k — 1. AokaxkeM,
YTO OHO BEPHO U A n = k. 1o IPEeAIOAOKeHNIO MHAYKIMU Sy = &§1 + - + &1 € Lo -1,
TO €CThb UMeeT MAOTHOCTL PacIIpeAeAeHUs

0, npu z < 0,
S5 () 7(:_ 2 ah2e7 " npu x> 0.
Toraa mo popMyAe CBEPTKU MAOTHOCTH CyMMHBI Sy, = &1 + - - - + & paBHA
fsp(2) = / fsioi(w)fe,(z — u) du Z/m ut e M fey (o — u) du.
—0o0 0

Tak kaK f¢ (r —u) = 0 mpu ¢ —u < 0, TO €CTb IPU u > &, TO IAOTHOCTE IIOA MHTETPAAOM
OTAWYHA OT HYAS, €CAU IlepeMeHHas WHTETrpPUPOBAHUA M3MeHsdeTcsd B npeperax 0 < u < z.
ITosTomy

x T

ah! k—2_ —au —a(z—u) —az a” k—2 ¥ k-2 —ax
fSk(»T): mu e s ae du=c¢e mu du:m.$ e .
0 0
To ectb S;; € Ty 1, 9TO ¥ TPEOOBAAOCH AOKA3ATh. L]
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«Ecam s1 mMmero OAHHAKOBEI€ IIIaHChI HA IIOAYYeHHe a UAu b, TO IIeHa MOeMy OXXH-
AaHHIO paBHa (a+b)/2».

Xpuctuau No#urenc, O pacuemax B a3apmuotii urpe (1657)

Pa3zpen 11. YUunchroBble XapaKTEPUCTUKU CAYYaMHBIX BEANYUH

11.1 MareMaTn4ecKoe OKMAAHUE CAYYAaTHOM BEANYMHBI

Omnpepenenne 39. Mamemamuueckum oxcudaHuem E £ (cpepHUM 3HaUEHUEM, TIEPBBIM MO-
MEHTOM) CAyYaWHOM BeAWUMHBI ¢ C AUCKPETHBIM paclpeApeAeHUeM, 3aAaBaeMbIM TaOAUIlel
P(¢ = a;) = p;, i@ € Z, HA3LIBAETCS YUCAO

E¢= E a;p; = g a;P(§ = a;), ecAm yKa3aHHBIU PSA @GCOAIOTHO CXOAUTCS.
i i
Ecam ke ) |a;|p; = 00, TO TOBOPSIT, 9TO MaTeMaTUIECKOe OKUAAHUE He cyuwecmByem.
i

Omnpepenenue 40. Mamemamuueckum oxcudaHuem E & (cpepHUM 3HaueHHWEM, TTEPBBIM MO-
MEHTOM) CAY4aWHOM BEAWYUHBl £ C aDCOAIOTHO HeNpepBIBHEIM paclipepeAeHneM C IIAOTHO-
CTBIO PaclpeAeAeHHs f¢(x), Ha3bIBaeTCH YNCAO

oo

E¢ = / xfe(x)dr, ecAn yKa3aHHBIM HHTerpar abCOAIOTHO CXOAUTCS.

—00

[e.o]
Ecan ke [ |z|fe(z)dx = oo, TO TOBOPSAT, 9TO MaTeMaTHYeCKOe OJKHAQHHE He cyujecmByem.
—0o0

MaTeMaTH4ecKoe O’KMAaHNE UMeeT IPOCTOM (PU3NUYECKUU CMBICA: €CAM Ha IIPSIMOU pa3zMe-
CTUTh EAMHUUYHYIO MaccCy, IIOMECTUB B TOYKU a; MAcCy p; (AAT AUCKPETHOTO paclpepeAeHusd),
UAU «pa3Ma3aB» ee C IAOTHOCTBIO f¢(x) (A aOCOAIOTHO HENPepPLIBHOIO PACIpPEeAEAeHUs), TO
Touka E¢ ecTh KoopAMHATA «IeHTpaA TSKECTU» IPSIMON.

ITpumep 28. IlycTh cAayuariHasg BeAWYMHA £ paBHA YHCAY OYKOB, BBIIIAAQIONTUX IIPHU OAHOM

1
nopbpaceiBaHuy Kyomka. Torpa EE = Z k- 6= 3.5 B cpednem npu odHom nodbpaceiBaruu

k=1
Kybuka Beinadaem 3.5 ouka!

IMpumep 29. IlycTh caydyaliHasg BeAMYHHa { — KOOpPAMHATA TOUKH, OpPOIIEeHHOUW Haypady
b

1
Ha OTpe3ok [a,b]. Torpa E& = /m . —dx = atb

2 5 ueHmp msxcecmu paBHoOMepPHO20
—a

a
pacnpedeneHus Ha ompeske ecms cepeduHa ompeska!l

11.2 CsoiicTBa MaTeMaTUYE€CKOT0 O>KHAQHUS

Bo Bcex cBoMcTBax IpeallonaraeTcs, YTO paccMaTpHUBaeMble MaTeMaTHYeCKUe OKUAAHUS
CYIIeCTBYIOT.

E0. MaremaTtnueckoe OXUAAHUE CAy4aMHOW BeAMdmnHEBI ecThb YICAO!
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El. Ang npousBoAbHOU (pyHKIUM g: R — R

Zg(ak)P(f =ag), €CAM pacupepereHHe { AUCKPETHO;
k
Eg©)={ 7
/ g(z) fe(x) dx, eCAM pacipeperenme £ aGCOAIOTHO HEIPEepPhIBHO.
—00

AoKazaTreAabCTBO. MBI AOKa>keM 3TO CBOMCTBO (KakK M MOYTH BCE AAABHEUIIINE) TOABKO AAS

AVICKPeTHOTO pacmpeperenus. [1ycTh g(£) mpuHUMaeT 3HAUEHUsS Ci,C,... C BEPOSTHOCTSIMU
P(g(§) = cm) = Z P(¢ = ag). Toraa
k:g(ar)=cm

Eg(§) = Zcmp(g(f) =cm) = Zcm Z P =ay) =

k:g(ar)=cm

= Z glap)P(& =a) = Zg(ak)P(f = ay). [

m k:g(ag)=cm k
E2.  Mamemamuyeckoe oxcudaHue nocmosHHou paBHo amol nocmosHHou: Ec = c.

E3.  [locmositHyto modxcHo BeiHecmu 3a 3Hak mamemamuyeckozo oxcudanus:. E (c€) = cEE.

AoxkazateascTBo. CaepyeT u3 cBovictBa El npu g(z) = cx. O

E4. Mamemamuueckoe oxcudarue cymmeol a06bIx CAYHalHblx Beaudun £ u n paBHoO cymme ux
MamemMamu4yecKuxX OXUuOaHUU:

E(+n) =ES+En.

AOKa3aTeAbCTBO. AN BEAWUYUH C AUCKPETHBIM pacHpeAeAeHUeM: IYCThb Ty U Y, — 3Ha-
4eHus & U 1), COOTBETCTBeHHO. AAs pyHKIMHU ¢ : R? — R MOXKHO AOKa3aTh CBOMCTBO, aHAAO-
ruuHoe E1 (cdesname 3mo! ). TIOAB3YySICH 9TUM CBOMCTBOM AAS ¢(x,y) = & + Yy, 3aIUIIEM:

E€+n =) (@ +u)PE=ae,n=y) =D zr P PE=apn=yn)+
k n

k.n

P(ﬁ;;k)

+> yn > PE=apn=yn) =EE+En
n k

P(n=yn)
]

ES. e Ecam £ > 0 m.H. («noymu HaBepHoe», mo ecmo ¢ BeposmHocmero 1: P(§ > 0) = 1),

TOo EE > 0;

e Ecam £ > 0 mH., u npu 3toM E€ =0, To £ =0 m.H., TO ecTb P(( =0) = 1.
Ynpaxcuernue. [flokazame 015 duckpemHozo pacnpedesnerus!
ChepcTBuE 12,
e Fcau é <7mn.nu, moEELEn
e Fcau ¢ <7 n.H., unpusmom EE =En, mo & =nnn

E6. Mamemamuueckoe oxcudarue npousBedeHus He3aBucumbix CcAy4YalHolX BenudyuH paB-
HO npou3BedeHur ux MamemMamuyeckux OoxcudaHuli: ecAr & ¥ 1 He3aBUCUMEI, TO

E(n) =EEEn.
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AOKa3aTeabCTBO.
E(€n) =D (zryn)PE =60 =yn) = Dz > _ynP({ = 2%)P(n = yn) = ELEn,.
k.n k n

O

3ameyanue 19. OOpaTHOe yTBep>KAeHUe K cBOUCTBY E6 HeBepHO: U3 paBeHCTBa
E(¢n) = ESEn He cnedyem He3aBUCUMOCTb BeAWYUH & U 7).

IMpumep 30. Tlycte ¢ € Ugor, £ = cosg, n = sinp — 3aBeAOMO 3aBUCHUMBIE CAyYaWHBIE
BeAMYMHEI (dokazame)). Ho mMaTeMaTHuecKoe OKHMAAHME UX IIPOM3BEACHHs PaBHO IIPOM3Be-
AEHUIO UX MaTeMaTUYeCKUX OKUAQHUU: IO cBOUCTBY El

2 1 2 1
Efz/ — cosxdr =0, En:/ — sinx dz = 0,
0 2T 0 2T

2w 1
Efn:/ or coszsinzdr =0 =EEEn.
0 s

11.3 MoMeHTHI CTapuUInX MOPSIAKOB. Aucmnepcus

Onpepenenue 41. Ecaum E|£|F < 0o, To uucro
E ¢* naswiBaercst momermom nopadka k (k-M MOMEHTOM) CAy4YaHOM BEAMUUHBI &

E|¢|* maswBaeTca abcomomueim momeHmom nopsdka k (aGCOAIOTHBIM k-M MOMEHTOM)
CAYYaWHOM BEAUYUHHI &;

E (¢ — E€)¥ maspiBaeTCs yewmpanvHoim momeHmom nopsdka k (IeHTPaALHEIM k-M MOMEH-
TOM) CAy4YaMHOUW BEAWYMHHI &;

E|¢ —E£|* nasniBaeTcst a6CosomHbIM UeHMPAnbHbIM MOMEHMOM NopsdKa k (aGCOAIOTHBIM
IIeHTPaAbHBIM k-M MOMEHTOM) CAYYalHOM BEAWYHHEI &.

Yucnro DE = E(¢ — E€)? (LleHTPaAbHBIM MOMEHT TOpSIAKA 2) HasblBaeTcst ducnepcuel
CAY4YaHOU BEAWYMHBI &

ITpumep 31. IlycTe, cKakeM, CAydaliHag BeAWUYMHA £ NpUHUMaeT 3HadyeHUe () ¢ BeposAT-
HOCTBIO 1 — 107°, u 3Havenue 100 ¢ BepositHOCTBIO 10~°. [ToCMOTPUM, KAK MOMEHTHI Pa3HBIX
IIOPSIAKOB PEAarupyloT Ha OOABIINE, HO MAaAOBEPOSATHBIE 3HAUEHUS CAYYAMHOW BEAWUYUHHI.

E€=0-(1-107%)4+100-107°=10"%  E&=0%-(1-107°)+100%-107° =101

E¢t=0% (1 -107%) +100* - 1075 = 1000; E€S=0%-(1—107%) +100°%-107° = 10000000.

Ipumep 32. Aucnepcusi D¢ = E (£ —E¢)? ecThb «cpepHee 3HaueHMe KBAAPATa OTKAOHEHHUS
CAYYaMHOU BEAWUYMHEI £ OT CBOETO CpeAHero». ITocMOTpHuM, 3a UTO 3Ta BEAWYMHA OTBEYaeT.

[TycTh cAy4aliHast BeAMYMHA ¢ IPUHUMAET 3HaYeHWs: +1 ¢ BepoOsiTHOCTBIO 1/2, a cAy-
yaliHasi BeAMYMHA 7) — 3HaueHus: +10 ¢ BeposTHOCTRIO 1/2. Toraa E{ = En = 0, mosTtomy
D¢ =EE? =1, Dnp =En? = 100. ToBOPAT, 4TO AMCHEPCUs] XapaKTepusyeT cmeneHb pasdpoca
3HauYeRul CAy4QUHOU BeAUUYUHbl BOKPYI ee MAmeMamuieckoro OKugaHus.

Ecsu 20Bopume o pacnpedesneruu cayyaiiHol Beaudursl, Kak 0 pacnpedeseHuu eOuHuYHol mac-
col no HeBecomomy cmepicHo, mo oducnepcus ecms B MOYHOCMU MOMEHM UHEPUUU 3MO2o
cmepCHs, 3aKpenseHHo2o B yeHmpe msxcecmu.
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Ompepenenne 42. Ecam pAucniepcus BeAMYMHBI & KOHEYHA, TO YMCAO o = /D & Ha3bIBaioT
cpedHekBadpamuyeckum OmKAOHEHUEM CAYIAMHOU BEAUYUHEI &.

YUToObI IIPOACHUTE CBA3b MOMEHTOB PA3HBIX ITOPAAKOB, AOKA>Xe€M HECKOABKO HEPABEHCTB.

Teopema 26 (HepaseHcTBo HeHceHa).

Ilycmb ¢pynkyua g : R — R Brinykaa (BHU3 :-)) ). Torga gasa Arwbol cayuatiHoU
BeAUYUHbl £ C KOHEUHbIM NePBbIM MOMEHMOM

Eg(¢) > g(EE).

Ham noHapo0UTCS CAepyrolllee CBOMCTBO BBIIYKABIX (PYHKIOUM (TO €CThb TAKUX, YTO AASI
AIOOBIX a < b mpu BcsikoM « € [0, 1] BepHO ag(a) + (1 — a)g(b) = g(aa + (1 — a)b)):

Aemma 8. [lycmb ¢pynkyua g : R — R Brinykaa. Torga gas Bcakoro y Halgemcs YUuCAO
¢(y) makoe, umo npu Bcex x

9(x) = g(y) + c(y)(z — y).

AoOKazareAabcTBO (mpepnoskeHo AeGeroBbIM ArekceeM, rp.871).

9(@) — g(y)
-y
AOKaykeM, 4YTO 3TO HEPABEHCTBO BEPHO U IPHU = < Y, ¥ 3a0AHO IIOKa)keM, 4TO ¢(y) KOHEUHO.
[Mycts x1 < y. Torpa y TPUHAAAEKUT OTPE3KY [x1;x2] AAST AFOGOTO Xy > Y, TO €CTb
cymectByeT « € [0, 1] Takoe, 4TO

[MonroxkuM c(y) = infys,y > —oo. Torpa g(z) —g(y) = c(y)(x —y) opu = > y.

y=a-x1+ (1 —a) -z, wuAH xgzw. (14)
-«
Ho B cuAy BBEIIYRAOCTH (DYHKIIUU g
—a-g(z
o(0) <o gle) +(1—a) glx), wwm  g(ay) > ST IE) (15)

11—«

9(x2) — g(y)

BcmomunM, uTo c(y) = infg,~y U TIOACTaBUM BMecCTO ¢(r2) U Ty BBIPayKeHU,

Y
cTofAIMe B IIpaBoM 4acTu popMya (15) u (14), COOTBETCTBEHHO:

g(y) — ag(wr1)

()= inf 9@ =90 o T-a 99) _ ) — g(x)
z2>Y X — Y - Yy—ax y Y — T

l—a

[TocrepHEee BhIpa’keHHE 3aBEAOMO KOHEUYHO, TO eCThb ¢(y) > —oo. Boaee TOTO, MBI IIOAYUYUAH,
yTO TpeOyeMoe HepaBEeHCTBO BHIIOAHEHO U AT © < Y-

9W) — 91

= AN AFOOBIX 1 <y, TO ecTb g(z1) = g(y) + c(y)(z1 — y). O
— 1

c(y) =

Aoka3zaTeAbCcTBO TeopeMbl 26.  BosbpMeM B ycroBusix AeMMbl y = E€, © = €. Toraa g(&) >
g(E&) + c(E&)(§ — EE). BbrumcAMM MaTeMaTHUYeCcKoe OXKHMAAHHWe O0enX 4JacTell HepaBeHCTBaA.
Tak kak E (£ —E{) = 0, u HepaBeHCTBO MeXKAY MaTeMaTUYECKUMU OKUAQHUSIMHU COXPAHSIETCS
o caepctBuio 12, to Eg(€) > g(EE). O

CAeAYIOIHee CBOMCTBO IIOKa3bIBaAeT, YTO 13 CynjeCTBOBAHUA MOMEHTOB OOABIITNX IIOPAAKOB
CAeAyeT CyIeCTBOBaHME MOMEHTOB MEHBIINX ITOPSIAKOB.
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Caepcteue 13. Ecau E|¢|' < 0o, mo gas awo6oro 0 < s < t
(EleP) < (Elg’

AokazateabcTBO. [TockoabKy 0 < s < t, TO g(z) = \:U|t/ ® — BeilyKAAs (yHKIusa. 1o
HepaBeHCTBY Mencena aast ) = [€]°,

g(En) = (En)* = (E|6])* < Eg(n) =E[n|/* =El¢|"Y* = E|¢[".

Bo3Bepsa 00e yacTu HepaBeHCTBA B CTENEHB S, IOAYYUM TpeOyeMoe HepaBeHCTBO. ]

B uwacTHOCTH, KOHEUHOCTBH BTOPOTO MOMEHTa (I/IAI/I AHCHepCHH) BA€UET CYyIIeCTBOBAaHUE
MATeEMATHUYECKOI'O O>KUAAHMA.

CaepctBue 14. Ecau E \§|k < 0o npu Hekomopom k > 1, mo E|¢| < {/E |£]'C

11.4 CsoiicTBa AuUCIIepCuH

Bce cBolicTBa AUCHEPCHU CAEAVIOT M3 COOTBETCTBYIOIIMX CBOMCTB MaTeMaTHUYECKOI'O
OJKUAQHUSI.

Di. DE&=EE - (E¢)2
AelCTBUTEABHO,
DE=E(¢—E)’ =E (€ —26E¢ + (EE)) = E¢? —2E¢E¢ + (B =EE — (B9, O
D2. D(ct) = 2D fokazame!

D3. e DE>O;

e D¢ =0 ecAam U TOABKO ecAu £ = const I1.H.

AoOKazaTeAbCTBO. AHWCIEpPCUs eCTh BCEro-HaBCEeTrO0 MaTeMaTWyecKoe OXKMAQHWEe II.H.
HeoTpuIaTeAbHoM ¢.B.: D¢ = E (€ — E€)?, u HeoTpUIlaTeABHOCTL AUCTIEPCHU CAEAYeT U3 CBOM-
ctBa Eb.

Mo Tomy e cBoMcTBY, D¢ = 0 ecan u ToAbKO ecam (€ —E€)? =0 mu., To ecTb € = ¢ mu. [

D4. Aucmepcusi He MEHSIeTCsI OT CABUTa C.B. Ha nocrosinHyto: D (£ +¢) =D¢.  Jokazame!

D5. Ecam £ u n mesaBucumsl, 1o D (£ +7n) =D&+ D,

AeNCTBUTEABHO,

DEé+n)=E€+n)*—(EE+n)>=E& +En®+2E(&n) — (E€)* — (En)*—2EEEn =DE + D,

TaK KdaK MaTeMaTUu4YeCKOe OXUAAHHNE ITPOMU3BEACHUSA HE3ABUMCHMMEBIX C.B. PABHO IIPOM3BEAECHUIO
X MaTeMdaTHU4YeCKHuX O}KI/IA&HI/Iﬁ. I

3ameuvanue 20. Cwm. 3aMedyanue 19.

D6. MuHUMYM CpeAHEKBaApPaTUUYECKOTO OTKAOHEHMS CAyYalHON BEAWYMHEI £ OT TOYeK Be-
IIIECTBEHHOU IIPSAAMOU eCTh CpepHeKBaApaTUUeCKoe OTKAOHeHUe £ OT CBOeTO MaTeMaTH-

geckoro oxupanust: D¢ = E (¢ — E€)? = minE (€ — a)?.

Haumerobwuii momenm uHepyuu cmepicHs ¢ pacnpedeseHHol Ha Hem eOuHUYHOU Maccol noay-
Yumcs, ecau moyka BPaweHus — YeHmp MAXCeCmuU CMepicHs, a He 06as Opyaas moyka.
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AOKa3aTeAbCTBO.

2

E(¢—a =E(¢—EH+(EE—a)’ =
— D¢+ (E€—a)’ +2E(¢ —E&)(E€—a) =D&+ (E€ —a)” > D,
0

IIpuYeM PaBEHCTBO AOCTUTAETCS TOABKO A a = E&. O

11.5 MaremaTnyecKkyue OKMAQHUS U AUCIIEPCUU CTAHAAPTHBIX paclpeAeAeHnun

IMpumep 33. Pacnpedenerue beprynau By,
E€=1-p+0-g=p; EZ=12-p+0%.q=p; DE=E&-(E)’=p-p’=pg
IMpumep 34. buHomuansHoe pacnpedenexue B, ,

Bocmioab3yeMcsL CBOMCTBOM YCTOMYMBOCTH OMHOMHAABHOT'O pPAaCHIpeAeAeHHs OTHOCUTEABHO
CYMMMPOBaHUS — AeMMOM 5. Bo3dbMeM n He3aBUCUMBIX CAYUYaWHBIX BEAUYMH &1, .. .,&,, UMe-
IOIIUX pacupeperenne bepuyau B, = By,

Torpa ux cymma S, = & + ... + &, uMeeT pacupeperenue B, .

ESy=) E& =nE& =np,

i=1

TaK KaK BCe éz OAVMHAKOBO pPACIIPEACACHEBL U UX MaTeMaTHu4YeCKOoe OXUMAAHKE PABHO p,;

DS, =) D& =nD& = npyg,

i=1

IIOCKOABKY {; HEe3aBUCUMBI U AUCIIEPCHUSI Ka)KAOU paBHa pg.

IMpumep 35. [eomempuyeckoe pacnpedenerue G,

ITpu p € (0,1)
o x x o !
E¢=> k-pd" ' =p-> kd*'=p-> () =p- (qu> =
k=1 k=1 k=1

2o (S0) - () - () -+

PaBerncmBo (*) nosBunoce usz-3a Hexcenanus ougghepeHyupoBams Cymmy 2eomempudeckoll npo-
epeccuu, HayuHarowetcs He ¢ 1, a ¢ q. 3amemsme, ymo npouzBooHas y 0o6aBaeHHbIX C/AA2aemblx
paBxa 0, mak ymo npou3zBodHele om 3mux 08yx cymm pPaBHsl.

EC = D K pd =p- Y k(k—1)¢" " +p-) k" =pg- > k(k—1)¢" P +EE =
k=1 k=1 k=1

k=1

o0

92
= Z q+E§ q - (Zﬁq >—|—E§:

k=1

82< 1 > < 1 ) 2¢ 1
= +E£=2pq| ——= )| +EfE ==+ -.
P o \1—¢ Sed (1-4q)? Tty
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2q 1 1 2q—-14+p ¢
IMoatomy D¢ =E&2 — (E€)? = +-—g ===

P> p p p p
IIpumep 36. Pacnpedenernue lMyaccora 11y
= S S
E§:Zk-ge —e Zk-gze Z(k—l)!:
k=0 k=1 k=1
> )\k L P
o oA — A=A
Z = Xe Zﬁ—)\e et =\
1 §=0
Jokazame, umo E€2 = X2+ \, maxk umo D& = .
IMpumep 37. PaBHomeproe pacnpedenerue Uy,
7 a+b
E¢= )dx = = .
&= /:Ef5 e / b—a 2
r [, 1 b —a a2+ ab+ b (b—a)?
2 _ 2 _ [ .2 _b—a _a"tab+ b _Fe2_ 2_(b—a
E¢ = /xfg(a:)dx—/x b—adm_3(b—a) = 3 ; DE=EE — (E¢)” = =

IMpumep 38. CmarndapmHoe HopmaneHoe pacnpedenerue Ny i

o0 oo 1 ,
E¢ = /xfg(x)dscz / e /2 dg =0,
s . V2T

IIOCKOABKY IIOA UHTETPAAOM CTOUT HeueTHass (PYHKIUS, U caM WHTerpar abCOAIOTHO CXOAUTCS
o 2
(3a cueT OBICTPO yOBIBarOIeN e /2y,

o0

7 1 2 7 1 2 1 2
_ 2 —z?/2 _ 2 —z</2 _ —z?/2 __
= ¢ ——e dr=2 [ 2* —c¢ dr = 2/:E de =
4 vor / vam g v

00
0

0 1

e/ 2 dy =1,

o0 oo
.2 .2
[TocrepHee PaBEHCTBO CAEAYET U3 TOro, 4To 2 [ % e 2 dy = il \/% e *"/2 dx, a uHTETpAA
0 Y — &% T

IO BCEU IPSIMOM OT IAOTHOCTHU /06020 pactpepereHus paseH 1. TTosTomy

DE=EE2—(E€)2=1-0=1.

[Tpumep 39. Hopmaneroe pacnpedenerue N, ;2

Mei 3HaeM, uto ecau § € N ,2, TO ) =

u En =0, Dn=1. TlosTomy

E€=E(on+a)=0cEn+a=aq; D¢ =D(on+a)=0’Dn= o> (16)
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Kakumu cBolicmBamu mamemamudeckoao oxcudarus u oucnepcuu mel Bocnosie308a1uce
8 gpopmyne (16)?

ITpumep 40. [lokazamenvHoe (3kcnoHeHyuasneHoe) pacnpedenerue E,

Hatiaem anst ipousBoabHOTO k € N MoMeHT mopsiaka k.

Eek = k d:/k —az g :_/ koo glag) = -,
13 /m fe(x) dx ¥ ae z=— (ax)e (ax) o
—00 0 0

B mocaepHEM paBeHCTBe MBI BOCIIOAB30BAAUCH TaMMa-(PyHKIOMEN DUAepa:

o0
['(k+1) = [uFe *du = k! CooTBeTcTBEHHO,
0

2 1
, E& =5, DE=EL- (B9’ =

(0%

IMpumep 41. Cmarndapmuoe pacnpedenernue Kowu Cg

Pacnpeperenue Komu. ToBopaT, uTo £ nMeeT pacupepereHue Kommu c mapameTpaMu a, o2
rae a € R, 0 > 0, u nuiryT (o KparHen Mepe MbI Tak Oyaem mucath) § € C, ,2, ecan

fe(z) =

o
(o2 + (x — a)?)
Pacnpepenrenne Komm nMmeer, HanmpuMep, adCICCa TOYKU IIepeCeuyeHus Ay4a, IIOCAAH-

HOTO M3 TOYKY (a,0) HOA HayAQuy BBIOpAHHBIM yraoM ¢ € U_ /2,7/20 € ocero OX. Imo
nosesHo dokazame!

AT Bcex  x € R.

MareMaTHueckoe OKHAQHUE AAT paclipepereHMs Kolllu He CyILIeCTBYeT, IIOCKOABKY

r 1
El¢l = / Wm dx

PaCXOAUTCS (HOABIHTErpaAbHasi (DYHKIUS BeAeT ceOsd Ha OECKOHEUHOCTH Kak 1/x).

ITpumep 42. Pacnpedenerue [lapemo
Pacnipepenrenue Ilapero. ['oBopsT, uTo £ uMeeT paciipepererHne [lapeTo ¢ mapaMeTpaMu I,
s, TAe xg > 0, s > 0, ecau
X0 =

1 ( )3 T = Xo; Lo >
(= : s x > xo;
Fe(z) = ) 7 uan fe(z) =< astl U7 0

0, r < xp. 0, x < xp.

Yy paciipepeAeHUAg HapeTo CyIIECTBYIOT TOABKO MOMEHTHI IIOPAAKA U < §, IIOCKOABKY

[e.o]

El(|“= [ = S:CSJrldLU

zo

CXOAUTCS NIPU u < S, TO €CTh KOTA@ IIOABIHTEeIparbHas (PyHKIUSA Ha O€CKOHEeUHOCTU OecKo-
HEYHO Mana IO CpaBHeHUIo ¢ 1/x.

llocuumame momeHm nopsidka u < s pacnpedenerus lMapemo. [lpu kakux s y amoeo pacnpe-
desnenus cyuyecmByem oucnepcus?
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Pa3pen 12. YUuchoBble XapaKTEPUCTUKU 3aBUCUMOCTU CAYYAMHBIX
BEAUYNH

12.1 YeMm oTAMYAETCH AMCIEPCHUSI CYMMBI OT CYMMbI AUCIIEPCHUIT?

MBI 3HaeM, 9TO AAT HE3aBUCHUMEIX C.B. C KOHEUHBIMU BTOPBIMM MOMEHTAMHU AVCIIEPCUS UX
CYMMBbI paBHa CyMMe UX AUcCHepcHuil. HeMy paBHa AMCIIEPCUSI CYMMBI B 00IleM cAydae?

D(E+n) = E(€+n?—(EE+n) =E@E+n*+2n) — (E€)> - (En)” - 2E¢En =
= D¢+Dn+2(E(&n) —EEEn). (17)

Beanuwnna E (7)) — EEEn paBHSIETCS HYAIO, €CAM CAyYalHBIE BEAWYUHB { U 7) HE3aBUCHU-
MBI (cBoMicTBO E6 MaTeMaTmueckoro okupaHug). C ApyTOM CTOPOHEI, U3 PABEHCTBA €€ HYAIO
BOBCe He CAeAyeT He3aBUCHUMOCTh, Kak MmokasbiBaeT mpuMep 30. OKa3bIiBaeTcs, YTO 3Ty BEAU-
YUHY 9aCTO MCIOAB3YIOT KaK «MHAMKATOP HAAWYUS 3aBUCHUMOCTU» IIapHl C. B.

Omnpepenenne 43. KoBapuayuel cov(E,n) CAyIalHBIX BEAUYHH £ U 1) HA3BIBAETCS YUC/0
cov(&,m) = E((€ —E&)(n—En)).
CsoiictBo 12. cov(é,n) =E((€—E&)(n—En)) =E(¢n) — E£En.

Vopaknenne 19. AokasaTb CBOUCTBO 12, MIOAB3YsSCh CBOMCTBAMU MAaTEMATUYECKOTO OFKU-
AaHUS.

CsoiicTBo 13. a) cov(¢,§) =D&, 6) cov(&,n) = cov(n,§).

CsorictBO 14. Aucnepcus cyMMbl HECKOABKUX CAYHYQUHBLX BEAUYUH BbIUUCAAEICA NO A0OO0U
u3 cAegyrouwux popMyA:

D(f1+...4&) = D D& + Y cov(&,&) = D D& + 2 cov(&,&) = D cov(éi, &),
=1 =1 1,

i#] i<j
Vopakaenne 20. AoKasaTb CBOWCTBO 14, IOAB3YSCH paBEHCTBAMHU
(a+b)? = a®>+b*+ab+ba = a®>+b*+2ab = aa+bb+ ab+ ba

" IIOAYYUB aHAAOTMYHBIE PABEHCTBA AASI KBAAPATA CyMMBL 17 CAATa€MBIX.

O6cyAM AOCTOMHCTBA M HEAOCTATKM KOBapUalliM, KaK BEAWUYUHEB!, XapaKTepusyrollen
3aBUCHUMOCTH ABYX C. B.

1. Ecau koBapuanust cov({,n) OTAMYHA OT HYASI, TO BEAUYHHEI £ U 1) 3a8ucumbsi!

2. C rapaHTHMel O HAAWYMU 3aBUCHUMOCTU MBI MOXKEM CYAUTb, €CAU 3HAeM COBMECTHOE

pacipeAeAeHye Taphl € U 7, 1 MOJKEeM TPOBEPUTH, paBHa AU (HapuMep) NAOTHOCTH COBMECT-
HOTO pacIpeAeAeHUs] TPOU3BEASHHIO TTAOTHOCTEM.
Ho HaiiTm coBMecTHOe paclpeAereHre 4acTo OBbIBaeT CAOJKHee, 4YeM IIOCUUTATh MaTeMaTu-
JyecKoe OXKHUAaHUe TmpousBepeHUs & u 7. EcAu HaM moBe3eT, 1 MaTeMaTHuecKoe OKHUAAHUE
Ipou3BepAeHUs £ U 1) He OyAeT PaBHATHCS IIPOM3BEAEHUIO UX MAaT. OKMAAHUM, MBI CKa’keM,
yTO £ U 1) 3aBUCUMBI HE HAX00S NX COBMECTHOTO paclpereAeHs!

I[Tpumep 43. [lokarkeM, YTO C MOMOLIBID KOBApPHAIIUM MOJKHO CYAWUTH O 3aBUCUMOCTHU Ad-
K€ KOTAQ AAS BBEIUMCAEHUS COMECTHOTO PacIpeAeAeHUsI HeAOCTAaTOUHO AAHHBIX.

IMyctb € U n — He3aBucumsie cCAydaliHble BEAUYUHEI, U AUCTIEPCUs £ OTAUYHA OT HYAd (mo
ecms?). NokaxeM, uTO & U £ + 1) 3aBUCUMEIL.

E(E(6+m) =EE +E(fn) =EE* +ECEn; EEE(E+m) = (E)?+EEEn. (18)
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[MosTomy cov(é, € +n) = EE2 +EEEn — ((Ef)2 +EEEn) = D¢ > 0. CaepoBaTensHo, { 1 & + 1)
3aBUCHMEL.

3. JKanp, uTo BeanumHa cov({,”) He sIBAsIeTCs «Ge3pa3MepHoM»: ecAu { — oOBeM rasa B
COCyA€, @ 7 — AABAEHMeE 3TOrO rasa, To KoBapuanusg uaMepsercsa B KyooMerpaxxIlackaam ).
WHaye roBopd, IpU YMHOKEHNU OAHOW U3 BEAWUYHH &, 77 Ha KaKoe-HUOYADb UMCAO KOBapUalys
TO>Ke YMHOXKaeTcs Ha 3TO 4ucAo. Ho yMHO)KeHMHe Ha YMCAO He CKa3blBaeTCs Ha «CTelleHU
3@BUCHMOCTH» BEAWYMH (OHM OT 3TOTO «0OOAee 3aBUCHMBIMU» He CTAHOBATCSH), TaK 4YTO
OOABIIIOE 3HaUEeHWEe KOBapualluM He O3HadaeT 00Aee CUABHOW 3aBUCUMOCTH.

Hy>kHO Kak-TO HOPMHPOBATh KOBAPHAIIWIO, IIOAYYHWB M3 Hee «0Oe3pa3MepHYIO» BEAUUNHY,
abCOAIOTHOE 3HaueHue KOTOPOM

a) He MEeHSIAOCH OBl IPU YMHOJKEHUM WAM CABUTE CAYYAWHBIX BEAWYUH HA YUCAO;

0) CBUAETEABCTBOBAAO OBI O «CHAE 3aBUCUMOCTH» C. B.

loBops o «cunes 3aBucumocmu mexcoy c. B., moi umeem BBudy caedyrwuiee. Camas
cunoHas 3aBucumocms — GYHKUUOHAAbHAS, A U3 QOYHKUUOHAAbHBIX — AUHEUHAs 3a6u-
cumocmes, koeda & = an + b n. H. BeiBarom eopazdo 6osee caabvie 3aBucumocmu. Tak,
ec/au no nocsnedoBamesnbHocmu He3aBuCUMbIX caAyYaliHblx Beauyur &1,&o,... nocmpo-
ume Benuyurel § = &1 + ...+ &y + &5 um = 25 + 26 + - .. + Eoo, Mo 3mu Benuyurel
3aBucumel, HO o4eHb «C1a6o 3aBucumel»: yepe3 00HO-eduHcmBeHHoe obuee crazae-
moe Eo5. CunbHo Au 3aBucumel Yucao eep6oB8 B8 nepBuix 25 nodbpaceiBaHusx MoHems! U
yucso eepb6oB B mod xe cepuu, Ho B ucneimaHuax ¢ 25-20 no 90-e?

HTak, caepyiolllass BeAWUYMHa €CTh BCETO AWIIbL KOBapualus, HOPMHPOBAHHAA HY>XHLIM
oOpa3zom.

12.2 KosddunneHT KOppeAssnun

Onpepenenune 44. Koagpgpuuuenmom koppenayuu p(§,7n) CAy9alHBIX BEAUYHH £ U 1), AUC-
IIepCUU KOTOPHIX CYIIECTBYIOT U OTAWYHEI OT HYAS, Ha3bIBAETCS YUC/0

_ cov(&,n)

3ameyanue 21. UYTOOBI pas3rAgpeTh «yCTPOMCTBO» KO3MPUIIMEHTA KOPPEAAIUH, paclu-
1IeM TI0 ONIPEAEAEHUIO YUCAUTEADb U 3HaMeHAaTeAb:

oEs) = E((ﬁ—Ei)(n—En)) .
VE(E-EQ*E(—En)

3dece mamemamukam ymecmro npoBecmu aHan02uU C «KOCUHYCOM yena» mMexcoy 0Byms 3/e-
meHmamu eunebepmoBa npocmparcmBa, 06pa308aHHO20 CAYHALUHBIMU BeUudUHAMU C KOHEYHbIM
Bmopbim MomMeHmMoM, CHABXHCEHHO20 cKassapHbim npouzBedernuem cov(E,n) u «Hopmol », paBHoU
KOpHIO U3 ducnepcuu caydaltHol BeauduHsl, uau KOPHIO U3 CKaspHozo npousBederus cov (€, §).

ITpumep 44. PaccMoTpuUM IpoAOAKeHHe npuMepa 43, HO IIycTh £ U 1) OYAyT HE TOABKO
He3aBUCUMBIMHM, HO U OAMHAKOBO PAaCIpPEAEACHHBIMM CAYYaWHBIMHA BEAWYMHAMHU, U UX ANC-
nepcus OTAMYHA OT HyAd. HaliaeM KoadunyeHT Koppeasdnuu BeanduH & u £ + 7. CoraacHo

hopmyae (18),
cov(,€+m) =EE* +ECEn — ((E€)* +ELEn) =EE° — (E€)* =D&
ITosTomy

(€€ +1) = cov(§,§+m) D¢ __be 1
’ VvDéyD(+n) VDE&/DE+LDn  VDEV2DE V2
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HNnuave roBops, KOI(PPUINEHT KOPPEASUHA BeAWdnH £ U £ + 1 paBeH KOCUHYCY yraa 45°,
00Opa3oBaHHOTO «BeKTopamMu» & u & + 1, rae «€ L n» U UX «KAAMHa» OAMHAKOBA.

Vropakaenne 21. UYTOOBI aHAAOTHUSA HE 3aXOAMAA CAMIIKOM AAAEKO, U Y YATATEAs He BO3-
HUKAO HCKYIIEHUSI AIOOble CAyYaliHble BEAMYHWHBI PHCOBATH CTPEAOYKaMM Ha IAOCKOCTU U
BMECTO IIOACUeTa MaTeMaTUUYeCKUX OXKMAQHUM U3MepSTh YIABL, IIpepraralo yoepuThCs, Ha-
npuMep, 9TO KO3(PPUIMEHT KOPPEAIIMHA BeAnurH & U £ paBeH:

a) HyAIO, eCAM £ UMeeT HOPMaAbHOE paclpeAeAeHHe C HYAEeBBIM CPEeAHUM;

6) 2/ V5, ecAu £ UMeeT IIOKa3aTeABHOe pacrpeaeAseHre ¢ AIOOBIM ITapaMeTPOM.

Ompepenenne 45. Cay4yaliHble BEAWUYUHBI £ M 1) HA3BIBAIOT HEKOPPEAUPOBAHHbIMU, €CAU
cov(&,n) = 0 (uam ecam p(§,n) = 0, — B TOM cAydYae, KOrAa KOI(PPUIIMEHT KOPPEASIUU
CYIIIEeCTBYET).

3ameuanne 22. EcAu opHa M3 BeAWUMH £ U 1) — IIOCTOSTHHAS, TO 3TU BEAWUYMHBI He3aBU-
cuMbl (npoBepume no onpedenenuro!), u cov(&,n) = 0 (npoBepume no onpedeneruro!). Ecre-
CTBEHHO B 3TOM CAydYae TOJKe IIOAAraTh, 4TO & W 7) KHEKOPPEAUPOBAHLI», XOTSI KO3(PPUIMEHT
KOPPEASIINYM He OIIPEAEAEH (AUCIIepCUS MOCTOSHHOM paBHa 0).

Vropakaenue 22. A 4TO OyAET, €CAM AOOIPEAEAUTH KO3(P(PUIIMEHT KOPPEAIIIUN HYAEM,

€CAM XOTs OBl OAHA M3 BEAMYMH — IOCTOsIHHAasi? IlpeaAararo mOAyMaTh, KaKUMH AOCTOWH-

CTBAMHU U HEAOCTATKAMH OGA&A&GT TaKOe «PACKpPBITHE HEOIIPEAEAEHHOCTH THIIA %».

12.3 CsoiicTtBa Ko3(dPuijmeHTa KoOppeasanuu

Bcroay pAanee cIelliaAbHO He OrOBapMBaEeTCs, HO NIPeANloAaraeTcs, YTO KO3 MUIUeHT KOp-
PeAsIuU CyIlecTBYeT.

Teopema 27.

Kosgpguuuenm koppeaayuu obragaem cAegyrowjuMu CBOUCMBAMU.
1. Ecau c. B. £ u n HezaBucumbl, mo p(§,n) = cov(&,n) = 0.

2. |p&n)| <1

3. |p(&,m)| =1, ecau u moabko ecau c. B. £ u n ¢ BepossmHocmblo | AUHEUHO CBA3AHDL,
m.e. cywecmBytom uucaa a # 0 u b makue, umo P(n =a& +b) = 1.

AOKa3aTreAbCTBO.

1.  CsaoticTBO 1 MBI y>Ke MHOTO pa3 (CKO/6KO?) YIOMHHAAU U OAWH pa3 AOKa3aAw.

2. AAd AOKa3aTeAbCTBA 2 HaM HOHAAOOUWTCS OAHO IIpeoOpa3oBaHMe, Ha3bIBaeMoOe «CMaH-
dapmu3ayueli» CAy4alHOW BEAMUMHBI: C €ro MOMOIIBI0 U3 C. B. C KOHEYHBIM BTOPBLIM
MOMEHTOM (He IOCTOSHHOM) MOAYYAIOT C. B. C HYA€BBIM MaTeMaTUUYECKUM O’KHAAHUEM
(«yeHmpupoBaHHYyo») I EAMVHUYHOU AVCIIEDPCUEN («HOPMUPOBAHHYO »).

Omnpepenenne 46. Tlycts DE KoHeuHa u OTAMYHA OT HyAsl. OIpEAEAMM CAYYauHYIO Be-
AWYMHY & TaK:
§—E¢
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[TpeoGpa3oBanue & — £ Ha3BIBAETCA CMaHOapmu3ayueld CAyJYaliHOM BEAWYUHH &, a caMa C. B.
¢ HasBIBaeTCSI cmaHdapmu3oBarHHoU, AT (CASHT!) yenmpupoBaHHol u HopmupoBaHHOU Bepcrei
c. B. £

Vopakaenue 23. OOSACHUTH, OYAET AU pacIpeAeAeHue f
a) HOpMaAbHEBIM, €CAU £ paclpeAeAeHa 10 HOPMAaAbHOMY 3aKOHY;
0) paBHOMEPHBIM, €CAM £ UMeeT PaBHOMEPHOE pPacCIpeAEAeHUE;
B) OMHOMMAABHBIM, €CAM £ UMeeT OMHOMUAABHOE paclipeAeAeHIe;
) IOKA3aTeABHBIM, eCAHM  UMeeT MOKa3aTeAbHOEe paclipeAeAeHue;
(1 T.A.)

CgorictBo 15. CmaHgapmu30BaHHAA C. B. £ uMeem HyAeBoe MameMamuieckoe OXUgaHnue
U equHUYHYI0 gucnepcuro.

AOKa3aTeABCTBO. BOCHOABBYGMCH CBOMCTBaAMHU MaTeMAaTHUYECKOTO OXKMAQAHUSI U AUCIIED-

cumn.
- §—E§> 1
é ( 5 ) - 5 E¢-E)

(EE—EE) =0;

3
A%

Dé:D(f_Eg) L pe-Eg=Lpe=1.

vD¢ D¢ D¢
He 3a6ydeme y kaxcdoeo 3Haka paBencmBa Hanucame, B cuay kakoeo cBolcmBa, ymBepxcoeHus uau
onpedeseHus smo paBerHcmBo BepHo! U]

BosBpamasach K A0Ka3aTeAbCTBY 2, 3aMeTUM, YTO

CE(E-EHM-Em) _ (E-EOMm—En)\ . (z-
e == Tresr € (e ) ~E (€)
; k& _ n—Eng

— CTaHAAPTU30BaHHBIE BEpCUM C. B. & U 7).

rae € = un=
vD¢ vDn .
Teneps Bocnoab3yemcs HepaBeHcTBoM 0 < (a — b)? = a® — 2ab + b%, uau ab < §(a2 + b?).

IMToacTaBUM £ BMECTO a, 7] BMECTO b U BO3bMeM MaTeMaTHYeCKue O’KMAQHHUS OT 00eux JacTel
HepaBeHCTBA:!

oem = (E7) <5 E (@477) = %(Dé+@@2+Dh+@ﬁf>:la:1. (19)

1
[ToAB3ysCH TOYHO Tak ke HepaBeHCTBOM 0 < (a + b)? = a? + 2ab + b%, uau ab > —§(a2 + b?),
TTOAYYUM

pem =€ (En) > 5 E(E47) =5 2=-1 (20)

Takum o6pasom, |p(§,n)| < 1, uTo u TPeGOBAAOCH AOKA3ATh.

3. B opAHY CTOPOHY yTBep>KAEHUE IIPOBEPSAETCS HEIIOCPEACTBEHHO:
BocnoaszoBamecs cBolicmBamu mamemamuyecKo2o oxcudaHus u oucnepcuu u 0oKasams, 4mo

1, a>0;
-1, a<0.

p@%+®={

He 3a6ydeme, ymo vV a? = |a|, a He npocmo a!
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AoKakeM BTOPYIO 4acTh: ecAu |[p(&,n)| = 1, To cyliecTByIOT uncaa a # 0 u b Takue, 4TO
P(n=a&+0b) =1.
PaccmorpuM cHadara caydait p(§,7m) = 1. OTO BO3MOJKHO TOABKO €CAM EAMHCTBEHHOE

-~ 1 9 o~
HepaBeHCTBO B popmyAae (19) mpespaiijaeTca B paBeHCTBO: E (§ 77) =5 E <§2 + 772>, UAU

- N2
E (g - n) —0.
Ho mo csourictBy E5 MaTreMaTU4eCKOro OJKUAQHUS PABEHCTBO HYAIO MAT. OXKMAQHUSA HEOTPU-
IIATEABHOM C. B. O3HAYAEeT, YTO dTa BEeAWYMHA II.LH. PAaBHA HYAIO!

c §—E¢ —-E v/Dn
P(en=0) == (e = Vo) Pl o

5_\/D_77E§+En>.

vD¢
b

B caygae p(§,n) = —1 HY’>KHO pacCMOTpPeTh EAMHCTBEHHOE HEpaBeHCTBO B dopmyae (20)
U IOBTOPHUTH PacCyXAeHud. TeM caMBIM TeopeMa 27 AOKa3aHa. O

[Tore3HO 3HATH CAEAYIOIIHE 9aCTO YIOTPeOAsieMble TEPMUHEL.

Onpepenenne 47. [OBOPAT, UTO BEAUUUHHI £ U 1) OMPUUAMENbHO KOPPEeAUpoBaHsl, eCAn
p(&,m) < 0; TOBOPSAT, UYTO BEAUYUHEL £ U 1) NOAOHCUMENbHO KOppeaupoBarsl, ecau p(&,n) > 0.

CMBICA 3HaKa KO3 dUIMeHTa KOPPeAsIuu 0CoOeHHO siceH B caydae p(§,n) = £1. Toraa
3HaK p paBeH 3HAKy a B paBeHCTBe 1) = af + b m.H. To ectb p({,n) = 1 o3HauaeT, 4YTO 4eM
6oabiie &, TeM Ooabliie u 7. Hampotus, p({,n) = —1 o3HavaeT, 4YTO yeM OOAblIe &, TeM
MeHblIe 7. [ToxoxumM o0pa3oM MOJKHO TPaKTOBATh 3HAK KO3((UIIMEeHTa KOPPeAdlur U B
cayuae, Koraa |p(€,m)| < 1, mOMHS IpX 3TOM, YTO 3aBUCHMOCTb BEAWYUH & U 7) TeIlephb yKe He
AMHENHAas U, BO3MOJXKHO, AaKe He (DYHKIIMOHAABHAS.

Tak, BeAmuuHH £ U & + 1 B nIpuMepax 43 u 44 MOAOKUTEABHO KOPPEAMPOBAHBI, HO UX
3aBUCUMOCTb He (DyHKIIMOHAABHAA.

ITpumep 45.
Ecan c. B. £ u 1 eCTb KOOPAMHATHEI TOUYKU, OPOIIEHHOM Ha-
yAauy B TPEYTOABHHK C BepimwmHamu (2,0), (0,0) u (0,1), To 1 (&)
KO3 pUITUeHT Koppeasdnuu p(&,n) oTpUllaTereH. ITO MOXK- 2
HO OOBSICHUTD «Ha MaAbIlaX» TaK: Yem 6osbwe &, mem meHoue y NS

y n BosmoxcHocmel 6bime 6oabwod. :-) [Tpeprarato yOeAUTHCS
B 3TOM, IIPOBEPUB CIIPABEAAMBOCTL CAEAYIOIINX BhICKA3bIBa-
Huli. Bo-nepBhIX,

x
1—=, 0<2<2; 2 2—-2y, 0<y<l; 1
fel@) = 2 EE¢=5  fuly) = En=<.

0, vHayue ; 3 0, vHaye ; 3

Bo-BTOpBHIX,

coBmecmHoe pacnpedeseHue KoopouHam moyku, 6powenHol Haydayy B npous3BosbHyo (usmepu-
myro) obaacme D Ha naockocmu umeem nocmosHHyo naomHocmes Bo Bcex moykax obaacmu D.
Imo cBa3aHo ¢ noHsmuem «Haydauy»: BeposmHocme nonacme B mwobyro obaacme A C D, ¢
00HOU cmopoHsl, 3aBucum mosbko om naowadu A, u He 3aBucum om ghopmel u noaoxceHus A BHy-
mpu D, paBHssce, ¢ Opyeol cmopoHsl, uHmeepany no obaacmu A om naomHocmu coBmecmHo2o
pacnpedesieHus KoopouHam MoYKU.
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Imu 0Ba kauecmBa Bo3mMoxicHO coBmecmumes, MObKO eCcau NAoMHOCMs coBmecmHoz2o pacnpede-
neHus nocmosuHa Buympu D. bonee mozo, ama nocmosHHas, Kak neeko Budems, ecmos npocmo
1
naouwjagb D
BeposmHocmu nonacms 8 D, uau eduruye).

(xoms 661 nomomy, 4mo uHmezpas om Hee no Bcel obaacmu D dosxceH paBHamocs

Pacnpepenrenre TOYKH, OpOIIEHHOW Haypaudy B OOAACTb (BCe PaBHO TA€), HA3BIBAIOT
paBHomepHbIM PACTIPEAEAECHUEM.

HTak, TAOTHOCTH PABHOMEPHOT'O PACIpPEAEAEHUS B IIPOM3BOABHON OOAACTH HA IIAOCKOCTU
— mocTosiHHAsl, paBHas (1/niowjagb obaacmu) AASL TOUEK BHYTPU OOAACTH M HYAIO — BHE.
[TosToMy (a Tak>ke MOTOMY, UTO IIAOIIAAL 3TOI'O TPEYTOABHMKA paBHA 1)

2 1-xz/2

E(fn)z//my-ldyda:z/ / x-ydy | de = (kaxemcs) é
> 0

0

To ecThb KoBapualuga (a ¢ Hel U KOIPPUIIUEHT KOPPEASINMU) OTpULIaTEAbHA (nocyumame

cov(§,n)).

Vipaxaenue 24. A BepHO AW, 4TO KO3(PPHUIIMEHT KOPPEAdUU B IIpuMepe 45 CyliecTBY-
eT? Kakue CBOMCTBa CAyYaWHBIX BEAWYUH TaPAHTHUPYIOT KOHEYHOCTH BTOPOIO MOMeEHTa? A
U3 02PAHUYEHHOCMU C. B. CAEAyeT AM CYIeCTBOBaHMe KaKUX-HUOYAb MOMEHTOB? Kakux u
nouemy?

ITpumep 46.
Haritu ko dunueHT KOPPEeAdun MeKAY YHUCAOM BBIIAACHUN €AVHUIIBI U YHMCAOM BEIAAE-
HUM IIEeCTepPKU IIPU n MOAOPACBIBAHUAX CUMMETPUYHOTO KyOUKa.

Pewernue OO6o3HauUM pnst ¢ = 1,2,3,4,5,6 uepes §; cAy4allHYIO BEAWUUHY, PaBHYIO
YUCAY BBITAAEHUH TPAHU C i OUKaMU IIPU n MOAOpPACHIBAaHUAX KyOuKka. [Tocuntaem cov(&y, &p).

Karkpag 13 cAydalHBIX BEAWYUH &; MMeeT OMHOMMAABHOE pacIpeAeAeHre ¢ ITapaMeTpaMu
n u 1/6, moatomy E&; =n/6, D& = 5n/36.

3aMmeTuM, 4TO cymMMma & + -+ + & 3TUX BEAWUYUH paBHA n. B CUAy cUMMeTpuu KyOu-
Ka, Bce MaTemMaTuuyeckue oxxupanus E& &, E& &3, ..., E&1&g 0AMHAKOBEI (HO, CKOpee BCEero,
otanuatorcs ot E&1€6) = E€2 =D& + (E&)? = 5n/36 + n?/36).

[Mocuntaem E&; (&1 + -+ + &). C OAHOM CTOPOHEBI, 3TO PABHO

E&i(& 4+ +&) =E& -n=n?/6,
C APYTOU CTOPOHHI,
E€i(&1+ - + &) = E& + 5E&166 = 5n/36 + 1% /36 + SE &1
Orcropa 5E &€ = n?/6 — 5n/36 — n?/36, To ecTb E&1&6 = (n? — n)/36.

Chaep0BaTEABHO, MCKOMBIM KO3(PPHUITUEHT KOPPEAILIU pPaBeH
(61, &) = E&iée —E&ESs (n? —n)/36 —n%/36 _ 1
PLS) = T DEDE 51/36 75

HVHTepecHO, YTO ITIOAYYEHHBINM KO3((PULMEeHT KOppeAdi He 3aBUCHUT OT Nn.

lNowemy kosgpgpuyuernm koppenayuu p(&1,&6) ompuyamener?
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OTKyAQa, HakoHeI], BBITEKaeT TO YAUBHUTEALHOE, IMO-BHAHUMOMY, CAEACTBHE, UTO,
ecar O6bI HAOAIOAEHHS Haj BCEMH COOBITHAMH IMPOAOAJKATH BCIO BEYHOCTH, IPHYEM
BEPOSATHOCTh, HAKOHEI], ITepeliAa ObI B TOAHYTO AOCTOBEPHOCTE, TO OBIAO OF 3amMeye-
HO, YTO B MHpPE BCE€ YIIPABASIETCS TOYHBIMH OTHOIIEHHSIMH H ITOCTOSHHBIM 3aKOHOM
H3MEeHEHHH, TaK YTO AaKe B Bell]aX, B BBICIIEH CTEIIeHH CAYYAHMHBIX, MBI IIDUHYXAE-
HBI OBIAM OBI IPH3HATh KaK ObI HEKOTOPYIO HEOOXOAUMOCTE H, CKaXy f, POK.

AKo06 bBepHYAAHU Arsconjectandi (1713)

Pa3pen 13. Kyaa M KaK CXOASTCS IMOCAEAOBATEABHOCTH CAyYaM-
HBIX BEANYHNH

13.1 CXOAMMOCTH «IIOYTH HaBEPHOE» U IO BEPOSITHOCTU»

HanomHro, 4TO cAaydaliHagd BeAWMYMHA €CTh (M3Mepumasd) PYHKIUSA U3 HEKOTOPOro abd-
CTPAKTHOTO MHOJKeCTBa ) B MHOKECTBO AEMCTBUTEABHBIX YhceA. [TocAepOBAaTEABLHOCTH CAY-
YaWHBIX BEAWYUH €CTh, TEM CAMBIM, IIOCAEAOBATEABHOCTh DYHKIINN (ONIPEASAEHHBIX Ha OAHOM
¥ TOM >Ke MPOCTPAHCTBE SAEMEHTAPHBIX UCXO0AO0B (2). 1 ecAr MBI XOTUM TOBOPUTH O CXOAUMO-
CTH IIOCA€AOBATEABHOCTH CAYYaWHBIX BeAMdHH {&,}°° |, He OyaeM 3a0ObIBaTh, YTO MBI IMeeM
AEAO He C TOCAEeAOBATEABHOCTBIO YHCEA, @ C IMOCAEAOBATEABHOCTHIO ghyHkyul. CyIecTBYIOT
pasHble BUABI CXOAMMOCTHU IIOCAEAOBATEABHOCTH (PYHKIUM. BCakuil pa3 paBaThb OIIpeAeAeHue
KaKOM-ANOO CXOAMMOCTU MBI OyA€M, OIUPAsiCh Ha CX00UMocme YyucnoBeix nocaedoBamesnoHo-
cmed Kak Ha y’Ke M3BECTHOe OCHOBHOE IMOHSITHE.

B wacTHOCTH, IIpM Ka’KAOM HOBOM w € ) MBI UMeeM HOBYIO YUC/108Yt0 TIOCAEAOBATEALHOCTD
{&n(w)}52 ;. TToaTOMY, BO-IIEPBBIX, MOKHO TOBOPUTH O 3HAKOMOM M3 MaTeMaTUIeCKOro aHaAU-
33 (HOYTH) MOTOYEYHOM CXOAMMOCTH IIOCAEAOBATEABHOCTEN (DYHKIIUN: O CXOAUMOCTH «IIOYTHU
BCIOAY», KOTOPYIO B TEOPUH BEPOSATHOCTEN HA3bIBAIOT CXOAMMOCTBIO «IIOUTH HAaBEPHOEY.

Omnpepenenne 48. TOBOPST, YTO OCAEAOBATEABHOCTD C. B. {&,} cxodumcs noumu HaBep-
HOEK C.B. £ IpU N — 00, ¥ TUIIYT: &, — £ . H., ecAau P{w : & (w) — &(w) mpu n — oo} = 1.
Muaue roBopst, ecam &, (w) — &(w) mpu n — 00 A BCeX w € (2, KpoMe, BO3MOXKHO, w € A, TAe
MHOYKECTBO (COOBITHE) A MMeeT HyAeBYIO BEPOSTHOCTb.

3aMeTuM Cpa3y: YTOOBLI TOBOPUTH O CXOAUMOCTHU «IIOUYTH HaBepHoe», TpebyeTcd (o Kpau-
Hel Mepe, IO ONPEAEAeHHUI0) 3HATh, KaK YCTPOEHH oToOpakeHus w — &,(w). B 3apauax
JKe TeOPHUM BEPOSITHOCTEU, KaK IIPABUAO, U3BECTHEL HE Camu CAy4aliHeie BeauduHsl, a AuUWb Ux
pacnpedenenus. VI3BeCTHO, TO €CTh, KAKOBa BEPOSITHOCTb TE€X SAEMEHTaPHBIX UCXOAOB W, AAS
KOTOPBIX &, (w) IpUHUMAET 3HAaUeHUsI B 3aA@HHOM MHOJKECTBE.

Mo>keM AW MBI, 00AaA@s1 TOABKO WMH(pOpPMAIMEN O pachpepeAeHUsaIX, TOBOPUTh O KaKOU-
AMOO CXOAMMOCTHU ITOCAEAOBATEABHOCTU CAYYaWHBIX BeAnuuH {,} K c. B. £?

Mos>kHO, HanpuMep, TOTPeboBaTh, YTOOBI BEPOSITHOCTD («AOASI») T€X dAeMEHTapHBIX MCXO-
AOB W, AAST KOTOPHIX §, (w) He MOMapaeT B «£-OKPECTHOCTb» UHCAA &(w), YMEeHbIIAAACh A0 HYAS
c poctoM n. Takag CXOAMMOCTH B (PYHKIITMOHAABHOM aHaAW3€e Ha3blBaeTCsI CXOAMMOCTBIO «IIO
Mepe», a B TEOPUUM BEPOSITHOCTEN — CXOAUMOCTBIO «II0 BEPOSTHOCTU».

Onpepenrenne 49. TOBOpPST, YTO TTOCAEAOBATEABHOCTE C. B. {&,} cxodumcs no BeposmHo-
cmu K C. B. £ TIpPU n — 00, U NUIIYT: &, LN &, ecan padg Aro6oro € > 0

P(& —&| >¢) -0 mpu n — oo UAU P(l& — &l <e)—1 mpu n — oo.

ITpumep 47. PaccMOTpUM MOCAEAOBATEABHOCTD C. B. &£1,&2,..., B KOTOPOM BCE BEAWYUHBI
UMEIOT Pa3Hble PACTIPEASASHHS: C. B. &, n > 1, mpuHuUMaeT 3Ha4eHns 0 B n’ C BePOATHOCTIMU
P(o = n") = 1/n = 1—P(§, = 0). AOKaxkeM, YTO 3Ta [OCAEAOBATEABHOCTb CXOAUTCS IIO

BEPOSITHOCTH K CAYYaWHOM BEAWYHHE, PAaBHOM HYAIO II. H. (K HYAIO, IIPOIIe TOBOPSI).
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AeNuCTBUTEABHO, 3aPUKCUPYEM IIPOU3BOABHOE € > (. AAd BCceX n HaUMHASA C HEKOTOPOTO
79 TAKOI'o, 4YTO ng > €, BEPHO PaBEHCTBO (%) HUXKe
£n>0 Q) 1
P(’fn—0|>€) = P(€n>€) = P(fn:n7) = — — 0 mpu n — oo.
n
Wtak, caydaliHble BEAMYUHEI &, C POCTOM 7 MOIYT IPUHUMATL BCe OOABININE M OOAbIINE
3HAYEeHUs, HO CO BCe MEHBIIEH W MEeHBbIIeN BePOITHOCTBIO.

A cxodumcs nu daHHas nocaedoBamesnbHOCMb K HYAO «noymu HaBepHoe» ? Bonpoc He cauwkom
KOPPEeKMHbIU, NOCKObKY 3a0aHbl HEe CAYYaliHble Beauyursl, a Auwb ux pacnpedenequs, u omBem
Ha Hezo, kak npaBuso, 3aBucum om moeo, Kak camu Beauyursl B3aumocBazansl. Ecau, ckaxcem,
énw) =0 dngw € [0,1-1/n] u & (w) = n" 929 w € (1-1/n,1], mo cxodumocms «noymu
HaBepHoe» umeem mecmo, mak Kak 0715 BCIK020 w HAYUHAs € Hekomopoao ny Bce &, (w) paBHel
HYI0.

llonpobyime 3adame cayvainele Beauyunel &, Ha [0,1] mak, ymobbi cxodumocms «noYmu Ha-
BepHoe» He umesna mecmo. [ns 3mozo HyxcHo 3acmaBume ompe3ok Oaurel 1/n, Ha Komopom
&n(w) = n, «6ezame» no ompesky [0,1], ymobbr abas mouka w € [0,1] nonadana BHymps
amoeo ompeska 6eckoHeyHoe 4yucso pas. Bocnoaszyimecs mem, umo eapmoruyeckuli pso pac-
xodumces. Ecau Bam mewarom KOHUbI OMPE3KA, UX MOXHO CKAeUmMs B OKPYICHOCM® )
3amemum odHako, ymo ecau Beposmuocmu P(&,, = n") cxodamcs k Hyao docmamouro 6bicmpo
(Hanpumep, paBHor 1/n?), mo cxodumocme k Hyato n. H. Bcezda umeem mecmo (CM., Hanpumep,
meopemy 2 §1 rn. 6 nHa cmp. 134 yuebruka A.A.bopoBkoBa « Teopus BeposmHocmel s ).

3ameuanue 23. CXOAUMOCTH II0 BEPOSITHOCTU He O0SI3aTEABHO COIIPOBOJKAQETCS CXOAM-
MOCTBIO MaTeMaTH4eCKUX O’KUAQHUN WAU MOMEHTOB APYTHX IIOPSIAKOB: U3 &, 2, & He cnedy-
em, uto B¢, — E¢&.

AeUNCcTBUTEABHO, B mpuMepe 47 uMeeT MeCTO CXOAUMOCTD &, LN £€=0 80 EE =nb £
E€=0.

EcAn BMecTO 3HaAYeHUS N
E&,=1AEE=0.

A ecan &, npunnMaeT 3Hauenusi 0 U /n C TeMH ke BEepPOSITHOCTSIMU, YTO U B pumepe 47,
to E§, = 1/y/n — E{ = 0, HO y)Ke BTOpble MOMEHTHI CXOAUTHCS KO BTOPOMY MOMEHTY & He
6yayT: E€2 =1 A EE2 =0.

CXOAMMOCTL IO BEPOSATHOCTU OOAAAAEeT OOBLIUHBIMU AAS CXOAMMOCTEN cBOMCTBaMu. Ha-
IpuMep, TaKUMHU.

" B3ATB, CKaXkeM, n (C TO Ke BepOATHOCTLIO 1/n), MOAy4HUM

CaoiictBO 16. Ecau &, LN Euny, LN 7, Mo
1. En+77npi>5+77i
2. 6n M — & .

AOKa3aTeJ\bCTBO IIpA IMepBoOM IIPOYTEHUN MOXHO IIPOIIYCTHUTD.

1. B pokasaTeAbCcTBe MBI OYAEM ITOAB30BATHCS €CTECTBEHHBIM CBOMCTBOM BEPOSTHOCTU:
ecan U3 coObiTus A caepyet coObitie B (Bcezda, kozda BvinosnHeHo A, Beinoarero u B),
TO BEPOSATHOCTE A He MPEeBOCXOAUT BEPOSATHOCTU B:

ecnu ACB, T0 P(A)<P(B).

BAQCB s KaTeropudyeCKun Tpe6YIO OCTAHOBUTHCA N OTBETUTH HA CACAYIOIINE «TAYIIBIe BOIIPO-
CBI».

— BepHo au, ymo mModyab cymmel He npeBocxodum cymmoel mooyael?

— BepHo au, ymo ecau a >b, uc>a, moc>>b?

— BepHo Au, 4mo ecau a +b > 2, mo xome 00HO U3 yuces a,b 6osbwe eduHuysl?

— BepHo sau, ymo BeposmHocme o0b6veduHeHus 0Byx coboimuli He npeBocxodum CYymmol UX
Beposmuocmei?

— BepHo su, 4mo BeposmHocme nepeceyeHus 0Byx cobbimuli He npeBocxodum BeposmHocmu
106020 U3 HUX?
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Ecau Ha Bce BOIPOCHL BBl OTBETUAU «Ad», MOXKHO ABUIaThbCS Aaablle. Ecau He Ha Bce —
Balll KOHTpHpUMep omnbodyeH. Ecau BEI BOOOIlle He IOHAIAW, O YeM 3TO, AyUllle BEPHYTHCSI
CIOAQ ...

ITycte € > 0. Tpebyercs pokasath, 9To P(|&, + 1, — & —n| > ) — 0 mpu n — oo. Ho

a) |&n + 1 — & —n| < & — &| + |nn — 1|, mO3TOMY

6) ecaut |§ + 1 — & —1n| > €, o U |, — & + |9 — 1| > €, ¥ BEPOSTHOCTH IEPBOTO COOBITHUS
He GOABIIIe BEPOSITHOCTU BTOpPOro. Aaaee,

B) ecam |&, — &| + |p, — 1| > €, TO XOTS GBI OAHO M3 CAaraeMbIX OOAbIIIe, yeM £/2.

[ToArydaeM CAepAyIOIIYIO IIEIIOYKY HEPABEHCTB!

P(lén +mn —&—nl>€) < P(l&n — &l + I —nl > &) <P(In — & > /2 mam [ — ] > €/2) <
< P(l6n =€l >€/2) + P(lnn — 1l > ¢/2) = 0

P P
Ipu n — 00, TakK Kak &, — & u n, — 1.

2. Ham noHap0OUTCSL «XOpoIllee CBOMCTBO»: AASL ATOOOM CAyUYaWHOM BEAWYMHEI (, TPOCTO
110 cBoMcTBaM (pyHKUIMM pacupeperenus, P(|¢| > M) — 0 mpu M — oc.

IMpeacTaBuM |£,7, —E&n| Kak |(nn —1)(En —&) +£ (M —n) +1(&n —§)|. 3aTeM, Kak B 1, HoAyuum
P(I&nnn — &nl > &) <Pl — 1l - [&n = €1 > &/3) + P(IE] - [ — 0l > €/3) + P(|n] - [€n — €] > /3).

INopymaliTe, 4TO AeAdTh C IEPBBIM CAAQraeMbBIM B IIPABOM YaCTH, @ MBI IIOKA& PAaCCMOTPUM
BTOpOe cAaraeMoe (TpeThbe Takoe ske). O6o3nauuM 3a A, = {[{| - |, —n| > €/3} cobriTHE TIOA
3HAKOM BepOSITHOCTU. 3adukcupyeMm HekoTopoe M > 0 1 pa3obbeM coOBITHE A, IO ITOAHOU
rpynne coosrruit {|| > M} u {|¢| < M}.

P(An) =P(I¢] - Inn = n| > &/3) = P(An N {I¢] > M}) + P(An N {l§] < M}) < ...

lTepByro BeposmHocme oyeHuBaem B coomBemcmBuu ¢ nocaedHum «eayneim Bonpocom», Bmo-
pyto — nosesysice mem, umo u3 || - |n, —n| >¢e/3 u || < M caedyem, ymo M - |n, —n| > €/3.

. <P(¢]>M)+P(M-|n,—n|>e/3)=P(¢ > M)+P(jn, —n| >e/3M).

OcTanocs prg Ar000ro GUKCUPOBaHHOTO M > 0 yCTPEMUTH 17 K OECKOHEUHOCTH, ITIOAYYUB AN
BepxHero mpepeaa oreHky lim P(A4,) < P(|¢| > M), nocae uero Mbel MOXKEM YCTPEMUTH K
n—oo

0eCcKOHeYHOCTU M, TIOAB3YSACH «XOPOIINM CBOMCTBOMY. O

Vropakaenue 25. BOCHOAHUTBH BCe IIPONYyIIeHHBIE TOAPOOHOCTU B AOKA3aTEABCTBE.

CXOAUMOCTE IO BEPOATHOCTH, TaK JKe KaK U At00as Apyrasd CXOAUMOCTE, He IIOPTUTCS TIOA,
AeMCTBUEM HeNIPEPHIBHOU (DYHKIIUU.

CsoiictBO 17.
Ecau &, - € u g — nenpepbiBras ¢ynkyus, mo g(&,) —— g(€).
Ecau &, -2 ¢ u g HenpepbIBHA B MOYKE ¢, MO 9(&n) LN g(c).

AoKazaTeabcTBO. [IpocToe AOKa3aTEABCTBO IIEPBOTO YTBEPIKAEHUS MOJKHO ITPEAAOKUTH B
ABYX CAyYadX (KOTOPBIMM MBI U OTPAHWYMMCH, IIPEAOCTABUB BCE OCTAABHOE YUTATEAO, 3Ha-
KOMOMY, HanpuMep, ¢ Teopemou Eroposa): ecau £ = ¢ = const (1 TOrpa AOCTATOYHO, YTOOBI
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g OBbIAQ HeIIpepBIBHA B TOUKE ¢) UAU €CAU QPYHKYUSA g paBHOMepHO HenpepwiBHa (@ 4mo amo
3Hayum?).

M B TOM, U B ADYTOM CAydYae AAd AtoOoro € > 0 HalipeTcd Takoe § > 0, 4TO AAg AFOOOTO
W, YAOBAETBOPSIIOUIETO YCAOBUIO |€,(w) — &(w)| < 0, BBHINOAHSETCS HepaBeHCTBO |g(&,(w)) —
g(w))| <e.

To ectb cobnithe {|&,—¢| < §} BAeder cobbiThe {|g(&n(w))—g(E(w))] < €}. CrepoBaTeABHO,
BEPOSITHOCTH IIEPBOT0O He OOABINE, YeM BEPOSTHOCTH BTOporo. Ho, kakoe O6bI HU OBIAO & >
0, BEpPOSTHOCTE MEPBOTO COOBITUSI CTPEMUTCS K EAVHHUIIE MO OIPEAEACHHUI0 CXOAUMOCTHU TIO
BEPOSITHOCTH:

1 P(|&n — €] < 8) < P(lg(én(w)) — 9(§(w))l <€) < L.

CAepOBaTEABHO, M BEPOSITHOCTH BTOPOTO COOBITUS TaK’Ke CTPEMUTCS K eAMHUIIE.

INpeapraraio TOPa3MBIIIASATE Ha TEMY: B KAKOM MeCTe AOKAa3aTeAbCTBA MCIIOAB3YETCS, UTO
AmbO ¢ paBHOMEPHO HeIpephiBHa, AMO0 £ — mocTosHHasA. W Hap TeM, KaK AOKa3bIBaTh
IIepBYIO YaCTh CBOMCTBA 17 B 0OIIeM CAyUae. U

YToOBl AOKa3bIBAaTh CXOAUMOCTL IO BEPOSITHOCTH, MOJKHO IIPOCTO YMETH BBIUMCASTH
P (|&, — &| > ) npu 6oabiux n. Ho AAst 3TOrO HY>KHO 3HAThH paclpepeAeHue &, YTO He BCerAa
BO3MOXXHO. CKaxeM, &, MOXXeT OBITb CYMMOM (MAU ellle XyXKe :-) HECKOABKUX APYTHUX C. B.,
pacIpepAeAreHHsT KOTOPBIX He YCTOWYUBHI IO CYMMUPOBAHUIO, U BBIYMCAUTH paclpejpereHue
UX CyMMEBI 10 (DOPMYA€ CBEPTKH UAM KAK-TO eIlje OBIBaeT CAMIIIKOM CAOKHO.

EcAm GBI MBI MMEAUW HEPaBEeHCTBAa, IO3BOAsfOIIMe oleHuThb P (|, — &| > &) cBepxy uem-
AnbO, YTO MBI yMeeM YCTPEMASITh K HYAIO M YTO IIPOIIE BBIYUCASIETCS, TO CXOAMMOCTH IIO
BEPOSITHOCTH MBI IIOAYYHAM OBI IO AeMMe O AByX muaunmoHepax: 0 < P(...) < ... — 0. Urax,
HepaBeHcTBa I1. A. UeOrnIéRa.

13.2 HepaBeHncTtBa YeObléBa

Bce HepaBeHCTBa B 3TOM Taparpade IPUHATO OTHOCUTH K OAHOMY KAACCy, Ha3bIBae-
MOMY «HepaBeHCTBaMHU HeObIméBa». Caepylolllee HEPAaBEHCTBO YaCTO HA3bIBAIOT COOCTBEHHO
HepaBeHCTBOM YeOBIIIERa, XOTI B TAKOU DOPME OHO MOSIBUAOCH BIIEPBBIE, BUAMMO, B paboTax
A. A. MapxkoBa (HanpuMep, Hcuucaenue BepoamHocmel, 1913 r.).

Teopema 28 (HepaBeHCcTBO MapKoBa).

Ecau E [¢] < 0o, mo gast A060Oro NOAOKUMEALHOIO X

E[¢]
P(\ﬁ] > a:) < —

AoKazaTeAbCTBO. BBepeM HOBYIO CAyYaWHYIO BEAWUYUHY &,, Ha3bIBAEMYIO «CPE3KOU» C. B.
|¢| Ha ypoBHEe x:

€], ecam [{] < =z, 1) & < |€], u, crepoBaTEABHO,

b = ASTHEE o) Eg, <Eg).

x, ecam [£| > x.
Hawm noTtpebyeTcsi cAepyrollee IOHITHE.

Omnpepenenue 50. TTyctb A — HekoTtopoe coObiTre. HazoBeMm uHOukamopom cobeimus A
CAy4YaHYIO BeAnuuny [(A), paBHYIO €AMHUIIE, €CAU COOBITHE A IIPOM3OIIAO, U HYAIO, eCAu A
He TTPOU3O0IIIAO.

ITo onpepenenuto, I(A) umeeT pacnpeperenue bepayaru B, ¢ mapamerpom p = P(I(A) =
1) = P(A), u ee MaTeMaTHYeCKOe OJKUAQHHE PABHO BEpPOSITHOCTHU ycrexa p = P(A).
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CAy4aliHyIO0 BEAMUUHY &; MOJKHO IPeACTaBUTb B BuAe &, = [€] - I(|¢] < z) + = - I(|¢] > z)
(npoBepsvme!).
Toraa

e, = EOﬂiﬂﬂéxD +E@aﬂm>xn>E(WI@M>@>:xPQﬂ>x) (21)

HeOTpUIlaTeAbHO, OT6pOCI/IM

Bcmomuuwm, uro E €| > EE,, u onenum E ¢, cuusy coraacuo (21):
El¢|>E& > 2-P(l¢] > ).

Utak, z - P(|¢| > z) < E[¢|, uTo u TpeGoBarOCh AOKA3aTh. O

Chepyrolllee HEpaBeHCTBO MBI OyAeM Ha3bIBaTh «OOOOINeHHBIM HepaBeHCTBOM Ye-
OBIIIIEBAY.

ChaepctBue 15. Tlycmb yHKUGUS ¢ MOHOMOHHO Bo3pacmaem u HeompuyameabHa Ha [0, 00).
Ecau E g([¢]) < oo, mo gast A1060ro NOAOKUMEALHOIO X

P(‘f’ > x) < Eg(|§’)

g9(z)

Aokazateancro. 3amerud, uto P(|¢| > ) = P(g(|¢]) > g()), mockoAbKy yHKIUS g MO-
HOTOHHO BO3PAcTaeT, U OIeHUM MOCAEAHIOI0 BePOSITHOCTh COTAACHO HepaBeHCTBY MapKoBa:

Eg(l€])
9()

P(g(€]) > g(=)) < . -

B 1853 r. 1. breneme (I. Bienaymé) u B 1866 r., He3aBucumo ot Hero, [1. A. HeOBIIEB Ip4-
MBIMHU METOAAMM AOKa3aAu HepaBeHCTBO, KOTOPOe HaM OyAeT YAOOHO IIOAYUUTH B KauecCTBe
CAEACTBUS U3 HepaBeHCTBa MapKoBa.

CaeactBue 16 (HepaBerncTBo UeGbiméBa-breneme). Ecau E€? < o0, mo

D
(e —E€| > 2) < -

AoKazaTeAabCTBO. Bocmoab3yeMcsi cAepcTBHeM 15 ¢ dyukimeit g(x) = 2.

E@—EQZ_EE
Al 7

x x?’

P(l¢ —E¢| > ) < O

B KauecTBe CAEACTBUS IIOAYYMM TaK Ha3bIBaeMoOe «IIPaBUAO TpeX CHUTM», KOTopoe ¢op-
MYAUPYIOT, HaIIpuUMep, TaK: BeposmHocme cay4alHol BesuduHe omaudamecss om cBoezo ma-
memamu4yeckoeo oxcudaHus 6osee, 4em Ha mpu KOPHsA u3 ducnepcuu, MaAa. Pasymeercs, ans
Ka>XAOTO PaCIIpeAeAeHUsI BEAUUYMHA 3TOM BEPOSATHOCTU CBOS: AASI HOPMAABHOI'O pacIpeAeAe-
HU¢, HallpUMep, 3Ta BeposATHOCThL paBHa 0,0027 — cm. cBoiicTBO 11. MBI MOAYYMM BepHYIO
AASI BCEX PACIPEAEAEHUU C KOHEYHOM AMCIIEPCHUEMN OLIEHKY CBEPXY AASA «BEPOSTHOCTHU C. B.
OTANYATBHCS OT CBOET0 MaTeMAaTUYeCKOTO OKMAAHUSA OOAee, UeM Ha TPU KOPHS U3 AUCIEPCUNY.

1
CaepctBue 17. Ecau E€2 < oo, mo  P(|¢ —E¢| > 3/D¢) < 9

D 1
AokazateabcrBo. Coraaco caepcteuio 16,  P(|¢ —E€| > 34/D¢) < _bE = —_ O

(3vDg)" 9

VupakaHeune 26. Hatitu P(|£ —E¢| > 3\/D§), ecau c. B. £ nmeer
a) paBHOMEpPHOe paclpepreAeHre Ha KaKOM-HUOYAL OTpe3Ke;
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0) IIOKa3aTeAbHOE paclpeAeAeHNe C KaKUM-HUOYAL ITapaMeTpoM;
B) pacmpepenreHmre bepHyaau ¢ mapameTrpoMm 1/2.

13.3 3axKoHBI OOABHUINX YVICEA

Omnpepenenne 51. ['OBODSIT, YTO IMOCAEAOBATEABHOCTD C. B. {;}7°; C KOHEUYHBIMU IIep-
BBLIMH MOMeHTaMu y0oBrsemBopsem 3akoHy 6oavwux ducen (3BY), ecan

et & E .+ E€,
St tb EatHEBa p npu n — oo. (22)
n n

3aKOHAMM OOABIINX YKMCEA IIPUHATO HA3BIBATH YTBEPXXACHUA 00 YCAOBUSIX, IIPKU KOTOPBIX
IIOCA€AOBATEABHOCTE C. B. «YAOBAETBOPSAET 3aKOHY OOABIINX YUCEAY.

BelgCcHMM CHadana, 4YTO O3HAYaeT U KOTAA BBEIIOAHeH 3BY AAT TTOCA€AO0BATEABHOCTU
He3aBucumbix u 00uHakoBo pacnpedeneHHsix c. B.

3aMeTuM, 4TO €CAU C. B. OAMHAKOBO DpPaAcCIIpeAeAeHBI, TO MaTeMaTHh4YeCKHue OXHUAAHUA Y

HUX OAMHAKOBEI (M paBHBI, HanpumMmep, E &), mosaToMy cBOMCTBO (22) MOJKHO 3alllCcaTh B BHAE
1 + .o _|_ p
¢ b v e
n

NTtak, 3aKOHBI OOABITUX YHCEA.

Teopema 29 (3BY B popme UeObimERa).

AAst 0600 nocaegoBameAbHOCIMU HE3ABUCUMBIX U OGUHAKOBO PACNPEgeAeHHBIX CAY-
YQliHBIX BEAUMUH C KOHEYHbIM BmopblM MoMenmoM E &2 < oo umeem mecmo cxogu-
mocmb:

G+ +é

LLEg.
n

3BY yTBep>KpaeT, 4To cpepHee apudMeTudeckoe OOABIIOTO YUCAA CAYUYAWHBIX CAQraeMbIX
«CTaOUAM3HUPYETCA» C POCTOM ITOTO 4UCAd. Kak OBl CHABHO Kakpasd C. B. He OTKAOHSAACH
OT CBOET0 CpeAHero 3HaueHusd, IIPYU CYMMMPOBAHUM 3THU OTKAOHEHUS «B3aWMHO TacdaTCs», Tak
4TO cpepHee apudMeTnyecKoe IMPUOAMIKAETCS K ITOCTOSTHHOUW BEAWYUHE.

B AanbHelIIeM MBI YBUAUM, UTO TpeOOBaHNe KOHEYHOCTH BTOPOTO MOMEHTA (MAU AUCIIEp-
CUH) CBSI3@HO MCKAIOUHUTEABHO CO CIIOCOOOM AOKAa3aTeAbCTBa, U UYTO YTBEP’KAEHUE OCTaeTCs
BEePHBIM eCAM TpeOOBaTh CYIIeCTBOBAHUSA TOABKO IEPBOIO MOMEHTA.

AokazareabcTBO. O603HaUUM uepe3 S, = &1 + -+ + &, CyMMy MepBEIX n C. B., a depes
& _ 51 + .. 4 {n

— UX cpepHee apudMeTnyeckoe. Toraa
n n

E(&) _ E&+---+E&G  n-EG

n

= = E&.
n n

[Tycts € > 0. Bocrmoabp3yeMcsa HepaBeHCTBOM YeOwIéBa (caepcTBue 16):

(13- < 2L -

n n g2
He3daBuc. og.pacnpeg.
DS, D& +---+ D&, nD& D&
= = = —— = — — 0 (23)
n2g2 n2e? n2e? ne2
Ipu n — 00, HOCKOABKY D &), IO yCAOBHIO, KOHEUHA. O
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3ameuanue 24. MBI He TOABKO AOKa3aAM CXOAUMOCTD, HO M TIOAYYHAM OIIEHKY AAS BEPO-
SITHOCTHU CPeAHeMY apudMeTUYeCcKOMY AIOGOTO YMCAa He3aBUCUMBIX M OAMHAKOBO pacIpepe-
A€HHBIX BEAMYUH OTAMYATLCS OT E & Gonee ueM Ha 3apaHHOE YHCAO:

p<w >€> < D& (24)

n ne2’
INMpeanraraio, KpoMe TOTO, UMTATEASIM M3BA€UL U3 HepaBeHCTBa (23) B AoKazaTeAabcTBe 3BY
YeOwI16Ba AOKA3aTEABCTBO CAEAYIOIIETO YTBEPKACHUS.

-E&

Chaepcteue 18, TlocaegoBameabHocmb C. B. {&;}72, ¢ KOHEUHbIMU BMOPHIMU MOMEHMAMU
ygoBaemBopsaem 3564, mo ecmb

SnE<Sn> G+-+&  ELG+-+E& b

n

n

= = — 0 npu n— o0
n n

npu BblNOAHeHUU Atoboro u3 caegyrouiux YCAOBUL‘i.‘

a) ecau D S,, = o(n?), mo ecmb —5" — 0 npu n — oo;

n2
6) ecau &1,&s, ... nesapucumbl u DS, =D& + - +DE, = o(n?), mo ecmb
D& +---+D
§ 5 &n —0 npu n— oc;
n
B) ecau &1, &, ... HE3aBUCUMbL, OJUHAKOBO pACNpegeAeHbl U UMelom KOHeUHYIO guc-

nepcuto (364 YebniwiéBa).

CKOpO MBI AOKaXeM (MHBIMH MeTopaaMHM, 4eM A. SI. XMHYNWH) CAeAYIOIee YTBEPIKAEHUE.

Teopema 30 (3BY B (popme XWHYMHA).

AAs A1060U nocAegoBameAbHOCIMU He3aBUCUMbIX U OGUHAKOBO PACNPEJeAeHHBIX CAY-
YQliHbIX BEAUUUH C KOHeUHbIM nepBeim momenmom E|&| < co umeem mecmo cxogu-
MOCmb:

bt b b g

Boaee Toro, B ycaoBusax TeopeMbl 30 MMeeT MeCTO «IIOYTH HaBepHOEe» CXOAUMOCThH
(&1+---+&,)/n k E&. Ho aroro Mbl y>ke AOKasbIBaTb He GYAEM.

IToayunm B KauecTBe caepcTBua u3 3bY UeObInIéBa 3aKOH OOABIINX umcea . bepHyarn
(1713). B oTAmuYmMe OT AOKa3aHHOTO Yepe3 noATopa cToareTusa 3bY YeOwIEBa, OMMHUCHIBAIOIIETO
IpepAeAbHOE IIOBEAEHUE CPEAHETO apu(pPMeTHUYECKOTO C. B. C 1pou3Bo1eHbIMU PACTIPEAEAEHNS-
My, 3BY BepHyAAu — yTBepsKAeHUE TOABKO A cxemsl bepHyanu.

Teopema 31 (3BY bepuyaan).

ITyemb A — cobblmue, Komopoe MOXem Npou3oimu B AOOOM U3 N HEe3aBUCUMbIX
ucnbimanuli ¢ ogHoli u moti e BepossmHocmbo P(A). Ilycmb v,(A) — uucao ocy-
Un

y p
wecmaAenull coobimus A B n ucneimanusax. Torga —) — P(A). IIpu smom gas

°(

Aroboro € > 0
Vn(A)

n

P(4)(1 = P(4))

ne2

—P(A)‘>a><
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AoKazaTeAbCTBO. 3aMeTuM, 4TO v,(A) eCcTh CyMMa He3aBUCHUMBIX, OAMHAKOBO pacIipepe-
AEHHBIX C. B., UMEIOUIUX pacIpepereHHe BepHyAAr ¢ mapaMeTpoM, PaBHBIM BepPOSTHOCTH
ycuexa P(A) (MHAMKATOPOB TOTO, YTO B COOTBETCTBYIOIIEM WCIBITAHUM IIPOU30IIAO A):

(A) = &1+t &y & = Li(A) = 1, ecau A TpPOUBOIINO B i — M HUCHIBITAHNH;
0, ecam A He IPOU3OIINO B i — M UCIBITAHUH;

E& =P(A), D& =P(A)(1 —P(A)).

OcTanochk BocnoAb30BaThcA 3BY B popMme HeObnIéBa U HEPaBEeHCTBOM (24) U3 3aMedaHUs
24.

O

PaccMmoTpum nmpuMepsl ncnoab3oBaHugd 3bY B dopme HeOnléBa, BepHee, HEPABEHCTBA

(24).

13.4 IIpumeps! ucnonrb3oBanus 3bY u HepaBeHcTBa UeObIméEBa

ITpumep 48.
3a0ava  Mouera nopbpacsiBaeTcs 10000 pas. OIlleHUTh BEPOSITHOCTH TOTO, UTO
YacTOTa BHIIAAEHUS repba OTAMYAETCSl OT BEPOSITHOCTU OOAee 4eM Ha OAHY COTYIO.

1
Un > 0,01>, rae n =104 v, = 30 & —

n
YLUCAO BBIIAAEHUM repba, a { — He3aBUCHMEIE C. B., UMeIOlllue paclipepeAeHue bepHyau c
napameTrpoM 1/2, paBHBIe «4HCAY repOOB, BBIIABIINX IIPU ¢-M IIOAOPACEIBAHUNY» (TO €CTh eAU-
HUIlE, €CAM BBHINIAA Tepb U HYAIO MHade, UAM UHAMKATOPY TOTO, UTO BhINaA repd). [ToCKOABKY
D& =1/2-1/2 = 1/4, uckomas OlleHKa CBEPXY BBITASAUT TaK:

P(‘&—l D& 1 1
n 2

> 0,01 ) < = =-.
) T 0,012 4-104-10-4 7 4
WNuaue roBops, HepaBeHCTBO UeOHIIIEBa MMO3BOASIET 3aKAIOUUTH, YTO, B CpeApAHeM, He Ooaee
yeM B 4yeTBepTU caydaeB npu 10000 mopOpacbiBaHMSIX MOHETHI YaCcTOTa BHINaAeHUA repOa
OypeT OTAMYATBhCS OT 1/2 Gonee yeM Ha OAHY COTYIO. MBI YBUAUM, HAaCKOABKO 3TO rpyOas
OIIeHKAa, KOTAA II0O3HAKOMUMCSI C YEHMPAsAbHOU npedesvHol meopemod.

Pewewnue Tpebyercsa onieHUTHL P <

IIpumep 49.

3adauya Tlyctb &,8,... — TOCAEAOBATEABHOCTh CAYYAMHBIX BEAUYUH, AUCIIEPCUU
KOTOPBIX OI'PAHUYEHBI OAHOUM U TOU ’Ke HOCTOSTHHOM (', a KoBapHaluyd AIOOBIX C. B. & U
& (1 # j), He ABAAIONIUXCSI COCEAHUMHU B IOCA€AOBATEABHOCTH, PABHBI HYAIO. Y AOBAETBOPSET
AU 3Ta MOCAeAOBaTeAbHOCTH 3bY?

P e w e Hue Bocrmoab3dyeMcsl HepaBeHCTBOM (23) u cBoMcTBOM 14:
°

s
() n
Sn g <&>‘>8> < 2 D% pg ) = 3 D6 + 23 covlen ).
=1

n n g2 T n2e?’ =
1<)
Ho apra ¢ < j, mo ycaoBuio, cov(é, &) = 0, ecam @ # j—L. ChaepoBa-
TeABHO, B cymMme ), .cov(;,{;) PaBHBI HyAIO BCe CAaraeMble KpOMe, MOXKeT ObITb,
cov(&1,82),c0v(§2,83), - - -, cov(§n—1,§n) (MX poBHO N — 1 MWITyKa).

O11eHnM Ka’kKAOe M3 HUX, UCIIOAB3YS OAHO M3 CBOUCTB KO3(P(UITMEHTa KOPPEASIIUN (Ka-
koe?)

cov(éi, &) < v/D&/DE < VCVC = C,
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TaK Kak AAS Aroboro 1 <4 < n, o ycaoBuio, D¢ < C. Urak,

D& + 2 COV(&,&')
s, <sn>’ > DS, ; ; !
——E|l—]|>¢) < = =

n2g? n2e2

n n—1
Y D& + 2 cov(&, &ira)
_ =1 i=1

nC + 2(n—1)C

n2g2 S n2e2 -0
IpU n — 00, TO €CTh IIOCAEAOBATEABLHOCTE &1, &2, ... yAOBAeTBOpsieT 3BY.
VYnpaxHeHue 27.
[NMpuBecTn mpuUMep MOCAEAOBATEABHOCTH C. B. £1,&2,... TAKOU, YTO KOBAPUAIIMU «HECOCEA-
HUX» BEAWYNH PABHBI HYALO.
[NMpuBecTu mpUMep MOCAEAOBATEABHOCTH C. B. £1,&2,... TAaKOU, YTO KOBApPUAIIMU «HECOCEA-

HUX» BEAWYUH PABHBI HYAIO, @ KOBapualluv COCEAHUX — He PABHEIL. Mo>xHO0 HOHpO6OBaTB
IIOCTPOUTH TaKYIO ITIOCA€AOBATEABHOCTH C IIOMOIITBIO APYTOﬁ IIOCAEAOBATEABHOCTH, COCTAaBAEH-

HOHM M3 He3aBUCUMLIX C. B.
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... Y3 3TOM IepBOH AeKIIHH IO TEOPHH BEPOATHOCTEH I 3aIIOMHHA TOABKO IIOAY3HAKO-
MBIM TepMHH «MaTeMaTHYecKoe OXHAaHue». He3dHakomel] yIIOTpeOASIA 5TOT TEepPMUH
HEOAHOKPATHO, ¥ K&KABIH pa3 g IPEACTaBASIA ceOe OOABIIOe NOMeIeHHe, BPOAE 3a-
Ad OKHAAQHHA, C KAPEABHBIM IIOAOM, TA€ CHAST AFOAH C IOPTEAIMH W OF0BapaMHu H,
IOAOpAacEIBadg BpeMs OT BDEMEHHU K IIOTOAKY MOHETKH U OyTepOpPOABI, COCPEAOTOYEH-
HO Yero-TO OXKHAAQIT. A0 CHX IIOp A 4acTO BHJKY 3TO BO cHe. Ho TyT He3HakoMmer]
OTAYIIHA MeHS 3BOHKHM TEPMHHOM «IIpDEAeABHAas TeopeMa MyaBpa — Aamaraca» u
CKa3aAa, 4To BCE 3TO K AeAy He OTHOCHTCH.

Apxkaputt u bopuc Crpyrankue, Cmaxepsl

Paspena 14. ILIIT (meHTpaAbHas NpeAeAbHass TeopeMa)

Sn
14.1 Kak 0sicTpO0 — cxopuTcs K E &2
n

[TycTb, Kak B 3aKOHe OOAbLINX umceA B dopme YHebwimuésa, S, = & + ... +§, — cymMma

" He3aBUCHUMbLIX 1 OAMHAKOBO pPacCIIpepAE€AeHHBIX BEANWYNH C KOHEUHOMN ,A,chepcneﬁ. TOI‘Aa, B

Sn p
cunay 34, = E & ¢ pocTtom n. VA, ocAe IpuUBeAeHUsI K 00LIeMy 3HaMeHAaTEeAlo,
n

Sn_nE§1 p
— = 0.
n

EcAu IIpu pAeA€eHUU Ha N MBI IIOAYYMAU B IIPEAEA€ HYAb (B CMBICAE HEKOTOPOM, BCE PABHO
KaKOM, CXOAUMOCTH), Pe30HHO 3aAaTh ceOe BOMPOC: @ He CAWIIKOM AW Ha «MHOTO» MEI IIOA€-
AnAn? Heab3sa AU IOAEAUTH Ha YTO-HUOYAB, pacTyllee K 6ECKOHEUYHOCTH MeAAeHHee, YeM n,
4TOOBI IIOAYYUTE B NIPEAEAE He HyAb (M He O€CKOHEUYHOCTh, CaMO CO0O0I)?

Mo>KHO TOCTaBUTH 3TOT BOIPOC TO-APyroMy. BOT HmocAep0BaTEABHOCTBH, CTPeMAIIascs
(kak-TO) K HyAto. MOKHO AU ee AOMHOJXUTBH Ha 4YTO-AMOO PacTylIlee, YTOOBI «IIOTaCUTh» 3TO
cTpeMAeHMe K HyAlo? [loAydmB, TeM caMbIM, YTO-HMOYAH KOHEUHOE M OTAUYHOE OT HYAd B

npepeae?

Sn —nNn E§1
, UAH, 9TO TO >Xe CaMoe, \/ﬁ —  , He CXOAUTCA K
n

Sn —nE 51
T
HyAr0. PacnpepeaeHme 3TOW, 3aBUCAIEN OT n, CAYYaWHOU BEAMYWHBI CTAHOBUTCHA BCe Ooaee
IIOXO’Ke Ha HOpMaAbHOe pacipepereHre! MOKHO CUMTATh, UYTO TaKasl IMOCAEAOBATEABHOCTD
CXOAUTCS K CAY9aliHON BEeAMUYNHE, UMeIOIell HOPMaAbHOE PacCIpeAeAeHNe, HO CXOAUTCS He 110
BEPOSITHOCTH, @ TOABKO B CMBICA€ CXOAUMOCTHU PacCOpPeAeAeHUM, AU «CAAOOM CXOAUMOCTHY.

OKa3sbIBaeTCd, U4TO yiKe

14.2 ChabOast CXOAVMMOCTD

[TycTh 3apaHa IIOCAEAOBATEABHOCTH C. B. {&,}, 3apaHO HeKoTopoe pacnpepereHue F c
(bynkumen pacnpeperenus Iy u § — NPOM3BOABHAS C. B., UMEIOIIAs pacipeperenue F.

Omnpepenrenne 52. TOBOPST, YTO MOCAEAOBATEABHOCTH C. B. {&,} mpu n — oo cxodumcs
cnabo viAu no pacnpedeseHuro K €. B. &, HWAU TOBOPST, YTO IMOCAEAOBATEABHOCTH C. B.
cnabo cxodumcs K pacnpedeneruro F, UAU TOBOPST, 4TO pacnpedesneHus c. 8. {&,} cnabo
cxodamcs Kk pacnpedenenuro F, U TULIYT: &n = & umnm Fy, = Fy, wan &, = T,
€CAU AAST AFOOOTO X TAKOTO, YTO (DYHKIMSI paclpepereHus: [y HelpepbiBHA B TOYKE T, UMeeT
MeCTO CXOAUMOCTh Fy (x) — F¢(x) mpu n — oo.

Nuaue TOBOPA, crabast CXOAMMOCTD — 3TO IIOTOY€YHad CXOAMMOCTD (X)YHKLII/II\/‘I pacipeae-
ACHUA BO BCeX TOYKAX HEIIPEPEIBHOCTU HpeAeALHOfI (bYHKLH/II/I paciipepAeneHusd.
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Heobxodumo 3amemume, ymo 3anuce «&, = £» yoobHa, HO He Bceeda pasymHa: ecau «npe-
desvHyto» c. B. £ 3ameHums Ha Opyeyto ¢. B. 1 C Mem Je PacnpedesieHuem, HU4Yez2o He
usmeHumcs: B mom e cmoicae &, = 1. [loamomy caabas cxodumocme Bce xe He ecmb
cxodumocme Cay4aliHelx BenuyuH, u el Hesb3s onepupoBame Kak cxoOuUMOCmaMU N.H. U NO
BeposmHocmu, 0418 KOmopsix npedesvHas c.B. eduHcmBerHHa (xoms 661 ¢ MOYHOCMbIO 00 3Ha-
yeHull Ha mHoxcecmBe HyneBou BepossmHocmu).

Chepytolliee CBOMCTBO O4eBUAHO. EcAM HET - BaM HY’KHO BEPHYTBCS K pPas3peAy 7 U BCIIO-
MHUTB, UTO TaKoe (PYHKIWS paclpepeAeHus.

Ceoucrso 18. Ecau &, = & u ¢ynkyusa pacnpegerenus Fy HenpepblBHA B MOYKAX a U b,
mo P(&, € [a,b]) — P(§ € [a,b]) u m.g. (npodosxcume psd). Haobopom, ecau Bo BCEX MOUKAX
a u b HenpepsiBHOCMU (yHKUUU pacnpegerenus Fy umeem mecmo, Hanpumep, cXogumocmb
P(én € [a,0]) — P(£ € [a,b]), mo &, = &.

CAeAYIOH.Iee Ba>kKHOE CBOMCTBO YTOUHAET OTHOIIIEHUsI MeXXAY CXOAUMOCTSIMU.

CsoiicTBO 19.
1. Ecau &, 2, & mo &, = & 2. Ecau &, = ¢ = const, mo &, 2

AokazaTenbCcTBO. [lepBoe CBOMCTBO MBI AOKa3bIBATH HEe OyAEM.
AoOKaskeM, 4TO cAabasi CXOAMMOCTH K IIOCTOSSHHHOM BA€YET CXOAMMOCTL IO BEPOSITHOCTH.
[TycTtb

0, z<c

Fol@) = Fla)=q, 0S¢

IIPU AIOOOM Z, SIBASIONIEMCS TOUYKOUW HEIPEPBIBHOCTU MPEAEAbHOU (pyHKIuu F.(x), TO ecTb
IIpU BCEX T # C.
BosbMeM Tpou3BoAbHOe € > 0 u poKaxkeM, uto P(|¢, — ¢| < ) — 1. PackpoeM MOAYAB:

Plce<é—c<eg)=Plc—e<&<cte) 2
(cy>xaeM COOBITHE IIOA 3HAKOM BEPOSTHOCTH)
2Pc—e<é& <c+e)=Fg(c+e)—Fg(c—e) = Fe(c+e) —Fe(c—e)=1-0=1,

IIOCKOABKY B TOYKaX ¢ + ¢ QPyHKIus F, HEIpephIBHA, U, CAEAOBATEABHO, IMEET MECTO CXOAM-
MOCTB IIOCA€AOBAaTeABHOCTH Fy, (c£¢) K Fe(cte).

Ocrtanroch 3ametuth, uTo P(|§, — ¢| < ) He GbiBaeT Goablile 1, TaK YTO MO AeMMeE O ABYX
MuAuIuoHepax P(|§, — ¢/ <¢) — 1.

O
CAeAYIOH.[ee CBOMCTBO IIPUBOAUT IIpUMEpP onepaquI, KOTOpPEBIE€ MOJXHO IIPUMEHATH K cAaabo
CXOAAIITNMCA IIOCAEAOBATEABHOCTAM — CKaXeM, AOMHOXXATh HX HaA IIOCA€AOBATEABHOCTH,

cxopduirecsd IO BEepPOsATHOCTU K IMMOCTOAHHBIM BEAWMYMHAM.

Xenanue Hanucameo «ecau &, = & un, = n, mo &, +n, = £+ n» cpasy npoxodum, cmoum
nepeBecmu 3mo «cBolicmBo» Ha A36iK hYHKYULU pacnpedesneHus u 3a0ymamoscs — 4mo makxoe
«QYHKYUS pacnpedeneHus cymmel £ + n», Koeda BMECMO HUX MOX*CHO 6pames awbeie dpyaue
£ uij ¢ memu xe pacnpedeneHusmu, Kak yzodHo 3aBucumsie. MHoe deno — Kkozda 0dHO u3
npedesvHolx pacnpedenenull BvipoxcderHo. B amom cayuae gpyHkuus pacnpedesneHus cymmel
unu npousBederus onpedeseHa 00HO3HAYHO.

Csorictso 20.
1. Ecau &, L, ¢ =const u Np = 1, Mo &, - Ny = €.
2. Ecau &, L2, ¢ =const u N =mn mo &, +n,=c+n.

AoKazaTeAbCTBO. 3aMeTHUM IIpe’KAe BCETO, YTO €CAU 7, = 1), TO Cp, = €1, ¢+ Ny = ¢+ 1
(Ookaszame!). TloaTOMy (M B CHAY COOTBETCTBYIOIIMX CBOMCTB CXOAUMOCTH IIO BEPOSITHOCTH)
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AOCTATOYHO AOKAa3aTh IIEPBOE YTBEP>KAeHHe cBoMcTBa 20 mpu ¢ = 1, @ BTOPOe YTBEPKAEHUE
— npu ¢ = 0.

AoOKakeM BTOpPOe yTBep>KAeHMe, OCTaBUB IlepBoe umuTaTeAlo. [lycTsk &, L. 0m N = 1.
AokaxeM, 4TO &, + 1y, = 7. IlycTb xyg — TOYKA HENPEPBLIBHOCTH (PYHKIUU paclpejpeAe-
uus F;(xz). TpebGyeTcs AOKa3aTh, YTO TOTAA MMeeT MEeCTO CXOAUMOCTE Fg ., (v9) — F(xo).
3acuKkcupyeM AOCTAaTOYHO MareHBKoe € > () Takoe, 4To Fj () HempepkIBHA B TOUKAX X =+ €.

an-‘rnn (l‘o) = P(fn +1p < 930) = P(fn + nn < o, |€n| > 8) + P(fn +nn < o, |fn| < 6) =P+ P.

Ouenum P; + P, cBepxy u causy. Aasa P umeem: 0 < Py = P(&, +mn < 20, |€0] > €) < P(|&] >
€), ¥ TIOCAEAHSISI BEPOSITHOCTh MOXKET OBITH BLIGOPOM 1 CA@AAHA CKOAL YTOAHO MAAOM.
Anst P, ¢ OAHOM CTOPOHBI,

P2:P(£n+77n<x07_ fn\ ) P( 5+77n<$0)—P(7’]n<930+5)
3AeCh IIepBOe HEPABEHCTBO CAEAYET U3 OYEBUAHOTO COOOParKeHUS:
ecau —e < &, U &, + nn < Ty, Mo, mem 6osee, —c + n, < .

C ApYTOl CTOPOHBI,

Po=P(ln+mm <zp, <& <) 2P(e+mm <w0g,—e<&u<e) 2

<
2 P(e +nn <o) = P(|én] > €) = P(nn <o —€) = P(&n] > €).

3AeCh MepBOe HEPaBEHCTBO OOBSICHSETCS BKAIOUEHHEM {e + 7, < 2o} N{—e < &, < €} C
{& +mn < zo} N {—e <&, < e} — TpocTo 3aMeHUM B COOBITUU {& + 1), < Z(} YUCAO € HA &y,
TaK Kak &, < €. Bropoe HepaBeHCTBO CAe€AYeT U3 CBOMCTB!

P(AB) < P(B), mostomy P(AB)=P(A)—P(AB)>P(A)-P(B).
VTaK, MBI TIOAYYUAU OIEHKHU CHU3Y U CBepPXy AASL Py + P, To ecTb apaa Fy 1y (20):
P(n < 20 =€) = P(I€n] > &) < Fe iy (20) < P(|€n] > €) + P < w0 +¢),

A

Fy, (0 — €) = P(|€n] > €) < Fg,10, (T0) < P(I6n] > €) + Fyy, (z0 + €).

YcTpeMassa n K 6€CKOHEYHOCTH, U BCIIOMHUHAs, YTO To+ & — TOYKU HEIPEepPBIBHOCTU (PYHKIIUU
pacmpeaeAeHus Fi, MOAYyYUM

Fy(zo — &) < BmF, 4, (20) < TmF, 1y, (w0) < Fy(@o + ).

W IOCKOABKY 3TH HEPABEHCTBA BEPHBI AAST AIOOOTO AOCTATOYHO MAAOIO €, @ Ty — TOYKa
HeIIPepPBIBHOCTU (PyHKIMU F;), TO, YCTPEMHUB € K HYAIO, IIOAYYMM, YTO HVJKHHUM W BEPXHUU
npepeAsl Fe, i, (o) IPH n — 00 COBHAAAIOT U PaBHBI F) (o).
O
HecKOABKO cOpeprKaTEABHBIX IIPUMEPOB CAAOOM CXOAMMOCTH MBI PACCMOTPHM B CAEAYIO-
el raaBe. Ho 0OCHOBHOM MCTOYHUK CAAD0 CXOAAIINXCSA MOCAEAOBATEABHOCTEN U HEOOBIYaliHO
MOIITHOE ¥ YHUBEPCAABHOE CPEACTBO AAS aCHMIITOTUYECKOTO aHAAM3a pacnpedeneHuli cymm
He3aBUCUMBIX U OAMHAKOBO PACIPEeAEAeHHBIX CAYUYaWHBIX BEAWUMH IIPEAOCTaBASIET HaM

ODOEHTPAADHAA IMIPEAEADHAA TEOPEMA

14.3 IleHTpaAbHas NMpeAeAbHas TeopeMa

MBI OypeM Ha3BIBATh Caepyrolllee yTBepskpaeHue «LITTT A. M. Agnynosa» (1901), =HO
chopMyAnpYyeM U AOKakeM TeopeMy AsIIyHOBA TOABKO B 4aCMHOM CAYy4ae — AASL IIOCAEAO-
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BATEABHOCTU HE€3daBUCHUMBIX U OAMHAKOBO DACIIPEAENAEHHBIX CAY‘{afIHBIX BEANYHH.

Teopema 32 (LIITT).

Ilycmb £1,&92,... — He3aBuUCUMble U OGUHAKOBO pacnpegeAeHHble CAyualiHble BeAl-
YUuHbl C KOHe4YHOU u HeHyaAeBoU gucnepcuell: 0 < D& < oo. Ob6o3nauum uepes S,

CyMMY NepBbIX N CAyHQUHBIX BeAuuuH: S, = &1 +...+&,. Torga nocregopameAbHOCMb

S, —nE 1
C. B. n—'f caabo cxogumes K CmaHgapmHOMy HOPMAABHOMY pacnpegeAeHUulro.

vnD&

IToaB3ysch onpepereHUEM M CBOMCTBAMM CAAOOM CXOAUMMOCTH, W 3aMeTHUB, UTO (PYHKIIUI
pacnpeperenus ®, ,2(z) AI0GOro HOPMAABHOTO 3aKOHA HeNpepbiBHA BCIOAY Ha R (nouemy?),
yrBepkAeHUe LITTT MOKHO chOPMYAMPOBATH AIOOBIM M3 CAEAVIOUIUX CIIOCOOOB:

CaepctBue 19. [lycmb &1,€2,... — He3aBUCUMble U OGUHAKOBO pacnpegeAeHHble cAyqal-
Hble BeAUYUHBL C KOHEYHOU U HeHyAeBoU gucnepcuel. Caegyrowjue ymBepXgeHUus 9KBUBAAEHN-
HbL gpYT gpyry U PABHOCUAbHbL ymBepxgernutro L[TIT.

o AAsa AIOOBIX BeW,eCMBEHHbIX T < Yy NPU n — 00 UMeem MeCImo CX0guMoCmb

Yy
Sn —nEE& / 1 —t2/2

P < ——" < — @ - & = — dt;

(m vnD& y> 01(y) 01() Vo ¢ ’

o Ara A10ObIX Beu,eCMBEHHbIX © < Y NPU N — 00 UMeem MeCmo CX0guMOCHb

Y
—nE 1
? (=< ape <)~ -owio = [ e

L] AAﬂ AHOOBIX BeweCmBEeHHbIX T < Y Npu 1 — 00 uUMeein MeCcmo CXxogumMocCmb

Y

Sn —n Efl 1 / 1 7t2/2

s S q) - ¢ = = dt;
xT

e Ecau n — nNpou3BOAbHAS C.B. CO CMAHGAPMHbLIM HOPMAABHBIM pAcnpegeAeHueM, mo

Sn—nE& Sn Sn—TLEfl
————— =1 € Np1, — —E = — > = /D& -nEN .
JnD& ] 01, Vn ( - 51) NG vD&m 0,D&1

3ameyanue 25. Eme pa3 HanmoMHUM, 4TO (DYHKIHMS PACHpPEAEAEHUS CTAaHAAPTHOI'O HOP-
MaABHOT'O 3aKOHA HIeTCsd AMOO IO COOTBETCTBYIOIIEN TaOAUIle B CIPAaBOYHUKE, AMOO C TO-
MOIIIBI0 KaKOT0-ANOO IIPOrpaMMHOIO OoOecIlledueHMs], HO HUKaK He IIyTeM HaXO’KAeHUS IIepBO-
o0Opa3Hou.

Meu1 pokakem LITIT u 3BY B popMe XMHUYMHA HECKOABKMMM T'AaBaMu mo3pHee. Hawm 1mo-
TpeOyeTCsa AT 3TOTO IIO3HAKOMUTHCSA C MOIJHBIM MaTeMaTUYeCKUM HHCTPYMEHTOM, KOTODHIN
B MaTreMaThKe OOBIYHO Ha3BIBAIOT «IpeobpasoBanmsaMu Dypbe», a B TEOPUUM BEPOSITHOCTEMN
— «XapaKTepUCTUIECKUMU (DYHKIUIMUY.

14.4 TIIpepeabHas Teopema MyaBpa — Aamnaaca

I[ToryuuMm B kauecTtBe caepcTBusgs u3 LITIT mpepeapHyro Teopemy MyaBpa — Aamaaca
(P. S. Laplace, 1812; A. de Moivre, 1730). Tlopo6uO 3BY BepHyAAn, mpepeabHas TeopeMa
MyaBpa — Aanaaca — yTBep>KAeHUe TOABKO AN cxemol bepryanu.
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Teopema 33 (IIpeperbHas TeopemMa MyaBpa — Aarmaaca).

Ilycmb A — cobbimue, Komopoe MoOXKem npou3olimu B AH0OOM U3 1 He3aBUCUMBIX
ucnbimanuili ¢ ogHol u mou e BepossmHocmbio p = P(A). IMycmb v,(A) — uucao
Un(A) —np

np(1 —p)
rosop, gAﬂ AH0ObIX BeWeCmMBEHHbIX T < Yy npu n — OO umeem mecmo CXOg'llMOCIle

= Ng.1. Hnaue

)

ocywjecmBAenull coorimusa A B n ucneimanusax. Torga

Y

P <x < wn4) —np < y) — ®0,1(y) — Po1(x) = /

—_

e~t/2 dt;

N

np(l —p)

T

AokazaTeabcTBO. [To-peskHeMy 1,(A) ecTh CcyMMa HE3aBHCHMBIX, OAMHAKOBO paclpe-
AEAEHHBIX C. B., UMEIOLIUX paclpeAereHre BepHyAAn ¢ mapaMeTpoM, PaBHBIM BEPOSITHOCTH
ycmexa p = P(A):

vn(A) =&+ + &, &=1Li(A)= {

1, ecAu A TPOU3OIIAO B i — M UCTLITAHUMN;

0, ecam A He MPOUIOIIAO B i — M UCIIBITAHUU;

E&i =P(A) =p, D& =P(A)(1 - P(A)) = p(1 —p).

OcTaroch Bocmoab3zoBaTbes LITIT. D

14.5 IIpumepsl ucnoab3oBanus LIIT

ITpumep 50.
3 a0 aya u3 nmpumepa 48. MoneTta mop6paceiBaetcs 10000 pas. OneHUTH BEPOSITHOCTh
TOT'O, UTO YaCTOTa BHIIAAEHHUS repba OTAMYAETCS OT BEPOSITHOCTU OOAee UeM Ha OAHY COTYIO.

1
I 5‘ >0,01>, raen=10% v, =" & =5, —
n

YMCAO BBITIAAEHNM TepOa, a £; — He3aBUCUMEBIE C. B., UMeEIOIUe OAHO U TO JKe pacIpepeAeHue
Bepuyaan ¢ mapametrpoMm 1/2. AoMHOXUM 00e 4acTU HepaBeHCTBA MOA 3HAKOM BEpPOSITHOCTU
Ha y/n = 100 1 mopAeAMM Ha KOpeHb u3 Aucnepcun /D& = 1/2 opAHOTO cAaraeMoro.

Pewewnue Tpebyercsa HatiTu P <

P(’;—"—%’>O,01>:1—P<V—;—%‘<0,01>:
—1—P<\/\é% %—E& <0,01\/\é%>—1—|3<\/% %—E{l <2).

Coraacuo LITT uam npepeabHOM TeopeMe MyaBpa — Aanaaca, IIOCA€AOBATEABHOCTD

\/ﬁ (& —E§1> _ Sn—nE&
vD& \ n VvnD&

cnrabo CXOAUTCAd K CTAHAAPTHOMY HOPMAABHOMY PACIIPEAEAEHUIO. PaCCMOTpI/IM IITPOU3BOAB-
HYIO C. B. 7], UMEIOLIYIO pacupepererue N ;.

1-p (S5

Un _ Egl‘ < 2) ~
n
~1-P(n <2) =1— (1—201(~2)) = 2001 (~2) = 2 - 0.0228 = 0.0456.

PaBenctBo P (|n| < 2) =1 — 2®( 1(—2) crepyeT u3 coiucTsa 10.
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3ameyanue 26. lleHTpaAbHOU IIPEAEABHON TEOPEMOU IIOAB3YIOTCSA AN TPUOAMIKEHHOI'O
BBIYMCAEHUS BEPOSATHOCTEHN, CBA3aHHBEIX C CYMMaMU OOABIIIOrO YHCAA He3aBUCUMBIX U OAMHA-
KOBO paCIIpeAeAeHHBIX BeAnduH. [Ipu 3TOM pacnpepereHUe IEeHTPUPOBAHHOW M HOPMUPO-
BAHHOM CyMMEI 3aMeHSIOT Ha CTAaHAAPTHOe HOpMaAbHOe paclpepereHre. HacKOABKO BeAMKa
OomIMOKa IpU TaKOU 3aMeHe (IOTPEIIHOCTh NPUOAVIKEHUS) ?

Vopakaenue 28. Kakwue ellle pepeAbHBIE TEOPEMBI AAd cXeMBI BbepHyAAM BBl 3HaeTe?
Yrto Takoe Teopema Ilyaccona? Halitu ee. KakoBa HOTpeNIHOCTb ITyaCCOHOBCKOTO ITPUOAU-
KeHUA? BrruncAuTh ee. OOBACHUTH, UCXOAI U3 NOAYUYEHHOM BEAWUYWHEI, IIOYEMY Teopema
ITyaccona He mpuMeHMMa B 3apade mu3 npumepa 50.

B npumepe 50 MBI BBIUMCAMAU MCKOMYIO BEPOSITHOCTH TOKE HE TOYHO, @ IPUOAVIKEHHO
— B3TASHUTE Ha PABEHCTBO «~A» U CIPOCHUTe cebs: HACKOABKO MBI OomubAmch? CTOUT AU
20BepaTh oTBeTy «0.0456»? YTo, ecAn pas3HHUIA MeXKAY BEPOATHOCTSAMU B IIPHUOAMIKEHHOM
PaBeHCTBe «~» IIPEBOCXOAUT OTBET Ha MOPAAOK? CAeAVIOUIUN pe3yAbTAT IO3BOASET OLleHUTh
IOrPeNTHOCTb npudAmKenus B LITIT.

Teopema 34 (HepaseHcTBo beppu — Dccéena).

B ycaoBusax LIIT gas aroboro x € R (mo ecme paBHomepHo no x)

Sp—nE& Ele —E&f
Y - < @. 25 =51
‘ < VnD& <x> ¢°’1($)‘ S a(pE)

3ameuanue 27. [lpo mocrosrHyio C' U3BECTHO, UTO:
a) B obmem caydae C He npessimaet 0.7655 (M. C. IlIuranos),
0) TOTPeITHOCTh NPUOAMIKEHUsT HanboAee BEeAMKa, €CAM CAaraeMble &; MMEIOT paclipepe-

Vv10+3
627
B) KaK MOKA3bIBAIOT pacyueThl, MOKHO CMeAO 6parh B KauecTtBe C umcao 0.4 — pake AAS

CAQraeMBIX C pacnpepereHUeM bepHyAAM, OCOOEHHO NPHU MAaABIX 7, KOTA@ W 3TO 3HAUYeHUe
IIOCTOSTHHOM OKa3bIBAeTCS CAUIIKOM I'PyOOM OIIeHKOM.

renne bepuyaam, u C B 3TOM CAydae He MEHBIIe, 4eM ~ 0.4097 (C. G. Esseen,

Bb. A. Porosun),

[TodpobHeili 0630p moxcHo Haimu B moHoepaguu B. M. 3osomapeBa «CoBpemenHas meopus
cymmupoBarus He3aBucumelx cay4aliHbix Beauyur», cmp. 264—291.

ITpoponskenue nmpumepa 50.  TIpoBepbTe, UTO AAS C.B. £ € pacipepereHueM BepHyaru
Eler—E&P =10—p’ P(&1=0)+ |1 —p’ P(&1 = 1) = p’g + ¢’p = pa(p” + ¢°).
ITosTOMy pasHHUIIa MEXAY A€BOM M IIPABOU YAaCTAMU IPUOAMIKEHHOTO PABEHCTBA «~» B IIPHU-

Mepe 50 ipu n = 10* u p = ¢ = 1/2 He IpeBbLINIAET BEAUYHHDI
2 2 2 2
1
PHT) o PRy L g0,
vn(ypq) Vny/pq 100

v, 1

n
CPaBHUTH 3TOT OTBET C OII€HKOMW, MOAYYEeHHOU C nmomoIpio 3bY B npumepe 48.

TaK YTO MCKOMaAsdA BEPOATHOCTH P <

> 0,01> He Ooablrie, yeMm 0.0456 + 0.004. YMecTHO
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Chepytomast mpobaeMa CBsizaHa € pacnpocTpaHeHHeHmuM Ha OO u MMO HI'Y 3abay-
JKAEHHUEM, KOTOpPOe MOJKHO 00Opa3Ho MepepaTb adpopu3MOM:
S, S,
P <” < Efl) — P(E& <E&)=0, vO P <" < E§1> — P(E& < E&) =1
n n—oo n—oo

n

ITpumep 51.

3a0auvya. Tlyctb &1,&,... — HE3aBUCUMbIE U OAMHAKOBO paCIpeAeAeHHBbIE CAyYaliHbIe
BEAWYMHBI C KOHEUYHOW M HEHyAeBOHU pucnepcued, S, = & + --- + £, — CcyMMa IIepBHIX N
CAyYaMHBIX BeAMYUH. [Ipy KakKux ¢ uMeeT UAM He MMeeT MeCTO CXOAMMOCTD

P(&<c> —P(E& <0)?
n

PeweHue CorracHo 3BY, IOCAEAOBATEABHOCTb — CXOAUTCSI TIO BEPOSTHOCTH (a,
n

CAEAOBATeABHO, U ¢/1a60) K E&;.
Chabasi CXOAMMOCTD O3HA4YaeT, 4YTO TOCAEAOBATEABHOCTD (DYHKITUM pacupeperenus F,(c) =

n
B TOUKE ¢ (M HUYEro He O3HavaeT, ecAu F'(z) pa3phiBHA B Touke c¢). Ho

S
P (—” < c) CXOAUTCS K pyHKIMU pacupeperenus F(c) = P(E&; < ¢), ecan F(z) HenpepblBHa

0, c<E¢;
F(c)=P(E& <c¢) = S
1, e¢>E&
eCcTb (PYHKIIMSA PaCIpeAeAeHUs BBIPOKAEHHOI'O 3aKOHA M HeIpephIBHA B AIOOOM TOUKE c,
S,
KpoMe ¢ = E&;. WTak, nmepBhIfi BHIBOA: CXOAUMOCTHL P (—n < c) — P(E&1 < ¢) umeet mecTO
n

AAST ATOOOTO ¢, KpoMe, BO3MOXKHO, ¢ = E&;. Ybeammcst, uTo aasg ¢ = E£; TaKol cCXOAMMOCTU
ObITH He MoXkeT. [Tyctb 7 € Ng 1. Coraacuo LITIT,

S Sn
p <? < E§1> —p <\/\é%(7 _ Efl) < o> — P(n < 0) = B1(0) = % £P(E& <E&) =0,

Sh 1
AHanOTHYHO, KCTaTH, BepeT cebs n BeposaTHOCTh P | — << E¢&; ). Ona TOXe cTpeMurcs K 3
n

aHekP(E& <E&) =1.

U m3gmuoe ynpa’kHeHHe Ha Ty JKe TEMY:

Vnpaknenune 29. AokasaTb, 4TO

0.999999n 1
g n—1_-—y —0-
Lr} / mon? ¢ W=0
0
n
1 1
li - .n—1 —yd — .
nooo | Y ¢ T
0
1.000001n 1
g n—1_-y —
i} / mon? ¢ W=l

0

Ykaszanue Kaxpblll U3 UHTErparoB paBeH (PYHKIUU paclpeAeAeHUsI CyMMbl He3a-
BHCUMBIX CAYYAMHBIX BEAWUYMH C KAKMM-TO ITOKa3aTeABHBIM paclipepereHreM B HeKOTOPOU
TOuKe. BCIOMHUTBH, UYTO TaKoe raMMa-paclipepereHre U YTO TakKoe «YCTOMYMBOCTH OTHOCH-
TEABHO CYMMHPOBAHUSY.
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Pa3pen 15. Xapakrepucrnyeckue (pyHKIUUA

Bcropy B 3TOi TAaBe i = y/—1 — MHUMasi €AMHUIA, t — BellleCTBeHHasl IepeMeHHas,
et = cost+isint — dopmynaa Ditaepa, E(n+i¢) = En+iE¢ — crnocob BLIMMCAEHHsS MaTeMaTH-
YEeCKOT'0 O’KMAAHUS KOMIAEKCHO3HAYHOU CAYYaUHOM BEAMYHMHEI 1) + i(, €CAM MaTeMaTU4eCKue
OKMAQHUS ee AeMCTBUTEABHOU (7)) ¥ MHUMOM (( ) 4acTel CYIeCTBYIOT.

t

Kak Bceraa, MOAyAeM KOMIIAGKCHOTO YHCAA z = ¥ + iy HasblBaercsl |z| = /2 + 32, Tak
YTO ‘e”‘ =1.

Omnpepenenne 53. ®yukuus ¢¢(t) = Ee'® naswBaercs xapakmepucmuueckol gyHryuel
CAyYaHOM BEAWYHHEI &.

15.1 IIpuMmepsl BbIYNCAEHUS

ITpumep 52. IlycTe c.B. £ UMeeT pacupepereHne bepHyaau ¢ mapaMeTrpoM p. Ee xapak-
TepucThudeckas (PyHKIUA (X.d.) paBHa

Qe(t) =Ee™ = e"OP( =0) + e P(¢ =1) =1 —p+pe.

ITpumep 53. [lycTb c.B. £ UMeeT OMHOMHAABHOE pacIlpepereHHre C IlapamMeTpaMu n U p.
Ee x. d. paBHa

pelt) =Ee™ =3 e P(e=k) =D & COrpt (1-p)" " =
k=0 k=0

= ZCS (peit)k 1-p)" " =(1-p+pet)".
k=0

ITochrepHee paBeHCTBO CcyTh OMHOM HBIOTOHA.

ITpumep 54. IlycTh c.B. £ uMeeT pacnpepeAreHme [lyaccona c mapametrpoM A. Ee x. .
paBHa

) > Nk
(pg(t) _ Eeztf _ Zeztk P(f _ /{7) _ Zeztk N e—/\ _

k=0 k=0

= Z T e exp{A (e —1)}.

ITpumep 55. IlycTe c.B. £ UMeeT IIOKA3aTeAbHOE PAcCIpeAeAeHHe ¢ apaMeTpoMm . Ee
X. . PyHKIUA paBHA

[e.e] o0 (e 9]

pe(t) = Ee'™t = /eit'“’ fe(x)dx = /em ae” dxr = /ae_x(a_it) dx =
0 0 0
oo
_ o _efz(afit) _ a
a — it . o —it’
IIOCKOABKY IIPH & — 0O MOAYAb BeAMUMHBI e () — ¢=0% . % crpeMuTcs K HYAIO:
‘e—m(a—it)‘ —e T _, (),
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ITpumep 56. IlycTe c.B. £ MMeeT ramMMa-pacIpejpeAeHUe ¢ mapaMeTpaMu a, A. Ee x.d.
paBHa

‘ 00 ' 0o ‘ A\
@g(t) _ Eeztf _ /ezt~w ff(x) dr = /eztx % .’B/\_l e~ dp —

0 0

OKA 7 A ( ) « o it G
-1 —z(a—it _ =(1—-= .
o [P e = (25) = (-5)
0

WHTerpan MbI BEIUMCAMAU C IIOMOIIBIO TaMMa-QyHKIIUN DiAepa:

o0 o

/5(;>‘_1 e—z(a—it) dr — ﬁ / (ZL‘(a . it)))\fl e—z(a—it) dw(oz o ’it) —
o —1

I'(A)
/ (o —it)

IIpumep 57. [lycThb c.B. £ UMeeT CTaHAAPTHOe HOpPMaAbHOe paclipepereHue. Ee x. .
paBHa

[e.e]

; 2
/eztxe x/2dm:

— 00

oo oo
1 ; 1 ;
= _\/% / e—t2/2 6—($—zt)2/2 dr = e_t2/2 m / e—(x—zt)2/2 d(w B it) _ €_t2/2.

Kak BCerAq, IIpY MHTETPUPOBAHUU MBI BBIACAVAN TIOAHBIN KBaApPaT B ITOKa3aTeAe O9KCIIOHEHThI

7u2/2_
V2T

pe(t) =

5~
3

U BCIIOMHHMAHW, YEMY paBeH MHTETPaA II0 BCeH NMPAMOM OT (MYHKIIUHU e A yemy oH

paBer?

CaMoe BpeMs OCTQHOBUTBHCS U CIPOCUTB: 'Hy u 4TOo? 3aueM HaM 3TU (PYHKIHUU U KAaKOU
OT HUX NPOK?" [Ipuraaiiaro YuTaTeAss IO3HAKOMUTBCS C 3aMedaTeAbHBIMU CBOMCTBAMHU X. (.

15.2 CsBoMicTBa XapaKTepuCTUYECKUX (PyHKIUN

®1. XapakrepucTtuueckas (OYHKIHS BCEIAQ CYIIECTBYET:

|pe(t)] = [Ee™| < E|e™| =E1=1

Ilore3HO BCIIOMHUTB, YTO OOBIYHEBEIE MaTeMaTHUYeCKHe OKHMAQHUSA CYIIECTBYIOT He y BCeX
pacipeAereHU .

®2. Tlo xXapaKTepucTHueCKOU (PYHKIIUM OAHO3HAUYHO BOCCTAHABAMBAETCS paclpeperceHUe
(dbyHKIIMA pacnpeAeAeHNd, a TaKKe IIAOTHOCTb UAM TaOAUIla paclpeAereHusd). To ecTb
€CAU ABe C.B. UMeIOT OAUHAKOBEIE X. ., TO U paclIpepeAeHNs 3TUX C.B. COBIIAAAIOT.

@OopMyABI, € IOMOIILIO KOTOPHIX 3TO AeAdeTCs, B aHaAW3e Ha3bIBaloT (popMyAaMu «00OpaT-
HoTO TIpeoOpa3oBanusi Oypre». Hampumep, ecAn MOAYABL X. . WHTErpupyeM Ha BCeu mIps-
MOH, TO y C.B. €CTb IIAOTHOCTb PACIPEAECACHHUS, U OHA HAXOAUTCA IO (pOpMyAe (IPOBEpHBTE
Ha IpuMepe nmpuMepa 57)

1 7 .
felw) =5 [ et

Hu oana u3 popmMya obpaTHOro npeobpa3oBanusd Oyprbe HaM He TOHAAOOUTCH.
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®3. XapakTepucTuieckas (PYHKIUS C.B. a + b cBsI3aHa C X.d. CAyIaWHOM BEAWUUHEL
pPaBeHCTBOM

Parbe(t) = BT = & e (1),

ITpumep 58. BrruncauM X. . cAyyaliHOM BeAWUMHEI &, UMeIOllel HOpMaAbHOE paclipe-

. {—a
AeAeHHe C TlapaMeTpaMH a ¥ o2. MBI 3HaeM, YTO y CTAaHAAPTU30BaHHOM C.B. ( =
o

2 v o
~°/2, Torpa X.d. CAYYAHHON BEAMYHHEI

XapaKTepHcTHYecKasd (DyHKIUS paBHa ¢c(t) = e
¢ =a+ o( paBHa

. . t2 2
©e(t) = arac(t) = €% g (to) == et e™1)'/2 = exp {z’ta - —; } .

®4. XaparTepuctuueckasd PyHKIUSA cymmsl He3aBucumbix ¢. B. paBHa IIPON3BEAECHUIO XapakK-
TEePUCTUYECKUX (PYHKIMN CAaraeMbIX: €CAU C.B. & U 1) He3aBUCUMEL, TO, I10 cBOMCTBY E6
MaTeMaTUYeCKUX OKHUAAHUU

Peyn(t) = Eeitl€+n) — e E it — e () pn(t).

OTHM 3aMeYaTeAbHBIM CBOMCTBOM MEI Cpa3y >Xe BOCIIOAB3YyeMCs, KakK O6eLHaAI/I, AN AOKa-
3aTeAbCTBa AeMMBI 6, YTBep}KAaIOH_Ieﬁ YCTOfIQHBOCTb HOPMAABHOT'O pacIipepAeAeHruss OTHOCHU-
TeAbHO CYMMUPOBAHUA.

IIpumep 59. AoKa3zaTeAbCTBO AeMMBbI 6.
[TycTh cAydaliHBIE BEAWYUHEBI § € Nal,a% une Naw,% HEe3aBUCUMBL XapaKTePUCTHYEeCKast
(bynkIEa cymmer £ 4+ 7 paBHa

. 252 . 252 . £2(02 1 02
ern(t) = @e(t) pn(t) = exp {Ztal = Tl} exp {ZtGQ — TQ} = exp {zt(al +ag) — (%2)} .

To ecTb X.d. CyYMMBI €CTh XapaKTEepPUCTHUYeCKasd (PYHKIUSI HOPMAABHOIO PACHPEAEAEHUS C

mapaMeTpamu aj + ag, o3 + o3, Torpa £ +1n € Na1+a2,af+a§ IO CBOUCTBY P 2.

O

ITpumep 60. Aoka>keM CBOMNCTBAa YCTOMUYMBOCTH IO CYMMHUPOBAHHWIO OWHOMHUAABHOI'O
pacrpeApereHus, pacupepereHusa IlyaccoHa m ramma-pacinpepereHus (AeMmel 4, 5, 7), uc-
IIOAB3YS BHIYHCAEHHBIE B IpuMepax 52 — 56 xapakTepucTuueckKue MQyHKIIUU.

ANASI He3aBUCHUMEIX C.B. C pacupeperenusMu IlTyaccona Iy u 11, X. d. cymMMBI

Peralt) = pelt) palt) = exp {3 (% ~ 1)} exp {1 (¢ 1)} = exp {(A+10) (¢ ~ 1)}

paBHa XapaKTepUCTUYECKON (PYHKIMU pacipeperenus [TyaccoHa ¢ mapaMeTpoMm A + .

ANMSI HE3aBUCHUMBIX C.B. C OMHOMHAABHBIMU pacupeperenusmu B, , u B, , x. . cymmsr

n+m

Pean(t) = 0e(t) op(t) = (L—p+pe™)" (1 —p+pe™)™ = (1 — p+ pe)

paBHA XapaKTEPUCTUYECKOM (OYHKIUM OWHOMHAABHOTO PACIPEAEAEHUsS C IlapaMeTpaMu
n-+m, p.

AASI N He3aBUCHUMEIX C.B. C ITOKA3aTEeAbHBEIM pPACIIpEAEA€HHueEM Ea X. (1) CYMMBIL

Per -+, (1) = (06, (D))" = ( - >” = <1 - i_t) B

o — 1t «

paBHA XapaKTEPUCTUUECKON (PYHKIIUN raMMa-pacIlpepAeAeHUs ¢ TapaMeTpaMu «, n.
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®5. TlycTh cyuiecTByeT MOMeHT mHopsiaka k = 1,2,... CAydaWHOM BeAWYUHBI £, TO €CThb
E|¢|F < co. Toraa ee xapakTepucTHIECKast (DYHKITU ¢ (t) HempepEIBHO A depeHnupy-
eMa k pa3s, u ee k-9 Ipou3BOAHad B Hyse cBsI3aHa C MOMEHTOM IOpsIAKAa k PaBEHCTBOM:

d o
(pék) (0) = <ﬁ Eeuf) = (E ’Lk §k eztﬁ)

CyllecTBOBaHUE U HEIPEPBIBHOCTE k-1 IIPOM3BOAHOM, paBHO KakK U 3aKOHHOCTH IIepeHoca
IIPOM3BOAHOM IIOA 3HAK MaTeMaTU4eCKOI'o OJKUAAHMS MBI AOKA3bIBaTh He OyAeM.

—i"ECF.
t=0

t=0

Vopakaeune 30. AokKazaTb, YTO AAST C.B. £ CO CTAHAAPTHLIM HOPMAABHBIM PacCITpeAeAe-
HMeM MOMEHT UeTHOTO Topsiaka 2k pasen E£2F = (2k — 1)!! e (2k—1)-(2k—3)-...-3-1.

AOKasaTh IO OIPEeAEAeHHMIO, UYTO BCe MOMEHTHl HeUEeTHBIX IMOPSIAKOB CTaHAAPTHOTO
HOPMAaABHOTO paclpeAeAeHUs CYIIeCTBYIOT U PaBHBI HYAIO.

Kaxk TOABKO TTOSIBUAMCH TPOU3BOAHBIE BBHICIITUX MTOPSIAKOB, CaMOe BpeMs Pa3A0KUTh PYHK-
nuio B psap Tenaopa.

®6. TlycTh cyujecTByeT MOMEHT Hopsiaka k = 1,2,... CAydYalHOM BeAMYUHBI £, TO €CTb
E|¢|* < co. Torpa ee xapakrepucruueckast PyHKIHUS ¢¢(t) B OKPECTHOCTH TOUKH ¢ = 0
pasaaraercd B psp Tennaopa

.
pe(t) = Z 0) + o([t*]) —1+Z—Egﬂ+o(\t’w):

kt

2 k
:1+itE§—%E§2+ E§ + o(|t*)).

Pappr Telinopa, Kak NpaBUAO, BO3HMKAIOT IIPU IIpepAeAbHOM Iepexope. Chaepyrolilee
OCHOBHOE€ CBOMCTBO XapaKTEPUCTUYECKUX (PYHKIMNU ITOTPeOyeTCcs HaM AAS AOKA3aTEeABCTBA

MIPEAEABHBIX TEOpeM, M 3TO CBOMCTBO — IIOCAEAHSSI TeopeMa, OCTaBAeHHas HaMu 0e3
AOKazaTeAbCTBa.
Teopema 35 (TeopeMa 0 HempepbIBHOM COOTBEeTCTBHU). CAyualiHble BeAUHUHBL &, cAa6O

cxogsamcesi K ¢.B. £ morga u MOAbKO MOrga, Korga gas Aw0oro t xapakmepucmuuecKue
pynkyuu ¢, (t) cxogames K xapakmepucmuuieckoti pyHKuuU ¢ (t).

CdopmyarpoBaHHad TeopeMa yCTaHABAMBAET HEIPEPBLIBHOE COOTBETCTBHE MEKAY KAAC-
camu (F¢, = ) QOYHKIMIA pacIpeAeAeHHs CO CAAGOM CXOAUMOCTBIO U (¢, —) XapaKTePHUCTH-
JyeCcKUX (PyHKIIMU CO CXOAMMOCTBIO B KaXKAOU TOYKe. «HenpepeIBHOCTBE» 3TOTO COOTBETCTBUS
— B TOM, 4YTO IIPEAEAY B OAHOM KAAcCe OTHOCUTEABHO 3aAaHHOM B 3TOM KAACCe CXOAUMOCTU
COOTBETCTBYET IIPEAEA B APYT'OM KAACCEe OTHOCHUTEABHO CXOAVMOCTH, 3aAaHHOM B 3TOM KAacce.

OcTanoch BOCIIOAB30BATHCSI TEOPEMOU O HENIPEPBIBHOM COOTBETCTBHUM U AOKA3aTh

3b4 B dopme XunuuHa u LITTT.
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15.3 Aoka3zareabcTBO 3bU XuHYMHa

ITyctb £1,&2, ... — MOCAEAOBATEABHOCTb HE3aBUCUMBIX 1 OAMHAKOBO PACIPEAEAEHHBIX CAY-
YaWMHBIX BEAUYHH C KOHEYHBIM nepBoim moMeHTOM E|¢1| < co. O6Go3HauMM uepes a MaTeMaTH-
yeckoe okupanue E¢;. Tpebyercs pAOKa3aTh, UYTO

&:€1+"'+£ni>

a.
n n
[To cBoricTtBY 19 CXOAMMOCTBH IIO BEPOSATHOCTU K NOCMOSHHOU SKBUBAAeHTHa CAabOM CXo-
auMocTH.  Tak Kak a — IOCTOAHHAsA, AOCTATOYHO AOKA3aTh CAAOYIO CXOAMMOCTD % =
S+ +&

= a. I'lo TeopeMe O HelIpepPbIBHOM COOTBETCTBUHU, 3Td CXOAUMOCTE uMeeT MeCTO,
n

€CAU M TOABKO €CAU A AFOOOTO t € R CXOAATCS XapaKTepuCcTU4YeCcKue (PyHKIUN
05, /n(t) = @a(t) = Ee™® = ™.
n

HatiaeMm xapakTepucTudecKyio yHKIHMIO C.B. —. [loab3yschk cBouctBamu @3 u @4, mony-
n
qmuM

ESOE0))

BcrioMHUM, 4TO IepBBIA MOMEHT | CYILLeCTBYeT, I03TOMY CBOMCTBO D6 1103BOASIET PA3AOKUTH
@¢, (t) B psip Telnopa B OKPeCTHOCTH HYAST ¢, (1) = 1+itE& +o(]t]) = 1+ita+o(|t]). B Touke
t/n, COOTBETCTBEHHO,

§) et o (s () - (a2

T\ "
IMTpu n — 00, MOAB3YACh «3aMeUYaTEABHBIM IIPEASAOM» (1 + ﬁ) — €%, IOAy4YUM

ita )" .
SOSn/n(t) =(1+—+o||= — e,
n n

4TO U TPebOBAaAOCh AOKA3aTh. ]

15.4 AoOKa3zaTeAbCTBO I€eHTPAAbHOM IIPEAEAbHON TeOpPeMbI

ITycTw &1, &2, ... — MIOCAEAOBATEABHOCTh HE3aBUCUMBIX U OAMHAKOBO PaCIpPEAEAEHHBIX CAY-
YaWHBIX BEAWYMH C KOHEYHOM M HEHYAEBOU Aucnepcueint. O003HaAUYMM 4epe3 a MaTeMaTHde-
ckoe oxxupanue E€; u yepes 02 — aucnepcuio DE;. Tpebyercsi AOKa3aTh, 4TO

Spn—na & +---+& —na
- ~ No..
ovn oyv/n =
§i —

. a
BBeAeM CTaHAAQPTHU3O0BaHHBIE CAYUYAMHBIE BEANMYWHBI CZ = — He3aBUCHMBIE C.B. C HY-
g

AeBBIMHM MaTeMaTUYECKUMH OJKUAQHUSIMHU U EAMHWYHBIMU AUCHEpCUsMU. [IycTh Z, eCcTb Ux
cymma Zp, = (1 + -+ + (= (S, — na)/o. Tpebyercst AoOKa3aTh, 4TO

Zn
vn

XapakTrepuctuueckasi PyHKIUS BEAUYUHBI 7, //n paBHA

@zn/ﬁ(t){;:)’wzn (%) < (S% <%>>” (25)

= N()’l.
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XapaKTepuCTUYeCKy0 PYHKIINIO C.B. (] MOKHO PasAOXUTH B pdp Teriropa, B Koadpunuen-
TaX KOTOPOTO MCIIOAL30BaTh M3BECTHBIE MOMeHTHI E(; = 0, EC12 = D¢ = 1. Toayuum

6 . A 2 t? 2
e (t) = 1+ztEC1—§EC1 + o(t%) :1—5—{—0(75 ).

[ToACTaBUM 3TO pa3sAO’KeHHe, B3siTOe B TOUKe t/y/n, B PaBEHCTBO (25) u ycTpeMuM n K Gec-
KoHeuyHOCTU. EIlle pa3 BOCHOAB3yeMCs 3aMedYaTeAbHBLIM IIPEAEAOM.

S ) (L) T I

B mpepene MOAYYHMAU XapaKTepPHUCTUUYECKYIO (DYHKIWIO CTAHAAPTHOIO HOPMAABHOTO 3aKOHA.
[lo TeopeMe O HeNpepPBEIBHOM COOTBETCTBUM MOJKHO CAEAATh BBEIBOA O CAAOOM CXOAUMOCTU

Zn Sn — na

£ =2 — = Ny,

vn ovn
pacupepeAeHUN CTaHAAPTU30BAHHBIX CYMM K CT@HAQPTHOMY HOPMAABHOMY PaCIpPeAEAEHUIO,
uTO U yrBepykpaercsa B LITIT.

O

[MonpoOytiTe Tenepsb CaMu:

Vopakaenue 31. [lycTb mpu AtoboM A > (0 caydyaliHasi BeAMYHHa &) MMeeT paclpeireAe-
uue [lyaccoHa c nmapameTpoM A. VCIIOAB3ysS TeopeMy O HEIIPEPBIBHOM COOTBETCTBHUU, AOKa-
3aTh, YTO CAyYaWHbIe BEAMYUHBI

E—A
VA

CcAab0 CXOASTCS K CTAHAQPTHOMY HOPMAaAbHOMY PaCIpPeAEeAeHUI0 IIPU A — 00.
XapakTrepucTudeckas QYHKIIUS C.B. &, BBIYMCAEHA B IpuMepe 54.
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Pa3zpena 16. AokazaTteAabCTBO TeopeMbl IlyaccoHa

Ham ocranock pokazaTe TeopeMy IlyaccoHa. B A0OKa3aTeAbBCTBO OYyAYT MCIOAB30BATBHCHA
TOABKO CBOMCTBA YCTOMUMBOCTH OMHOMMAABHOTO U ITyaCCOHOBCKOTO PacIpeAeAeHUM OTHOCH-
TEeABHO Ollepallid CYMMHpPOBaHUA. HuKakme paspeanl, CBI3aHHBIE C YUCAOBLIMM XapaKTEpPH-
CTUKaMU C. B., CXOAUMOCTSIMU UAM XapaKTEePUCTUUECKUMU PYHKITUAMU, HaM B AOKa3aTEALCTBE
He ITOHAA00SITCS.

BcmoMHUM yTBep>KAeHME, KOTOpOe MBI COOpaAUCh AOKAa3blBaTh. lemnepb, KOTAA MBI
3HAKOMBI C TEPMUHOM «paclpepeAreHre», MOKHO chOpMyAUpPOBaTh TeopeMy [lyaccoHa Tak:

Teopema IlyaccoHa C OLl€eHKOI IOTrPeIIHOCTH

IMycts A C {0,1,2,...,n} — TPOU3BOABHOE MHOKECTBO I[€ABIX HEOTPUI[ATEABHBIX
4uCeA, CAydaliHass BeAMYMHA v, UMeeT OMHOMHAAbHOe pacnpeperenue B, , ¢ mapa-
MeTpaMu n U p, CAydaliHasd BEeAWUYMHA [, UMeeT pacnpepereHue [TyaccoHa c mapa-
MeTpoM A = np. Toraa

| Pl € A) — P(un € A) | = Zcﬁpk(l—p)”_k—zﬁe <np® = —.
keA keA

HHaue roBops, TpeOyeTcsa AOKa3aTh, YTO

sup | P(v, € A) — P(u, € 4) | < np2.
A

AOKa3aTeAbCTBO IIPOBEAEM, UCIIOAB3YS TaK Ha3bIBAEMBIN «METOA OAHOTO BEPOSTHOCTHOTO
npocTpaHcTBar. HaM HY>XKHO OIIeHUTH CBepXy Pa3HUIY MeXKAY ABYMS paclpepeAeHUsIMU, a
MMEHHO: AOKa3aTh, 9TO A AFOOBIX MHOKecTB A C {0,1,2,...,n} pa3sHUIY MEKAY BEPOSITHO-
CTSIMU TIOTIAAAHUS B MHOKeCTBO A OMHOMHUAABHOM (C TTapamMeTpaMu n U p) U TyaCCOHOBCKOU
(c TapaMeTpoM np) CAYYAMHBIX BEAMYMH MOJKHO OIEHUTH BEAWYHMHOU np?.

3aMeTuM, Ipe>kpe BCero, 4To pa3HOCThb

|Prn € A) = P(un € A) [ = | D CRp* (1—p)" " =) —e
keA keA
HMWKAK He 3aBUCUT OT TOT'O, KaKUM o6pa30M BEAWYUHEBI Vy U Uy B3AWMMOCBS3dHBI 1 HAa KAKOM
BEpPOATHOCTHOM ITPOCTPAHCTBE 3aAdHEI, €CAM TOABKO OAHA M3 3TUX BEAMYUH HMMEEeT OMHOMHU-
AABHOE€, a BTOPAad — IIYAaCCOHOBCKO€ paclpeAeAeHre C Hy)KHBIMU IIapaMeTpaMu. CoBMecTHOe
pacipepereHre 3TUX BEAWYUH TyT HUKAK He y4aCTBYeT, IIO3TOMY AdHHASI PAa3HOCTh He U3Me-
HUTCA, eCAY 3aMEeHUTHh Vy, U Uy HA 8py2ue CquaﬁHBIe BEAVWYMHEBI C TEMHU XK€ pACIIpEeAEeNeHUAMUA.

[TepBoOe, UTO MBI CAEAQEM — AOKA)KEM, UTO AASI ABYX CAYUYAMHBIX BEAUYHH & U 1) (TA€ YTOAHO
3aA@HHBIX) «PACCTOSTHUE MEXKAY PAaCIpeAeAeHUsIMI», TO ecTb supy | P(E € A) — P(n € A) |, He

OOABIIIE, YeM BEPOSTHOCTEL P (5 %+ ﬁ) ABYM npou3BosibHbIM CAYIaHBIM BeAWduHaM &, 1] ¢ AaH-

HBIMU PaclipepeAeHUsIMHA He COBIAAaTh. [IOHATHO, UYTO 3TH HOBBIE C. B. AOAKHBI OBITH 3aAAHBI
Ha OAHOM BEPOSITHOCTHOM IIPOCTPAHCTBE, U HAWAYYIIAs OIfeHKa CBEPXY IMOAYUYUTCS, €CAU HaM
YAQCTCSI mak 3a0ame Ha 00HOM BeposmHocmHom npocmpaHcmBe c. 8. &, pacnpedeneHHyro Kak

&, umn, pacnpedeneHHyto Kak 1, ymobsl BeposmHocms P (é =+ ﬁ) 6b11a0 HaumeHbwed.
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Aemma 9 (HepaBencTtBo Kanaunra). ITycms € u 7 — npou3sBoAbHble C.B. ITycmb cayuat-
Hasi BeAU4UHA & OGQUHAKOBO pacnpegeAeHa ¢ £, cCAyuaUHAA BeAUUUHA T) OJUHAKOBO pacnpege-
A€Ha C 1), U BeAUUUH»sl &, 1) 3agaHbl HA OGHOM BePOAMHOCMHOM npocmpancmse. Torga

sup | P(€ € A) = P(ne A) | <P (£#7).
ACR

3ameuanue 28. Kanaunzom (coupling) AByX c.B. & W 1) HA3BIBAIOT 3apaHUe HA OAHOM
BEPOSITHOCTHOM IIPOCTPAHCTBE CAYYAMHBIX BEAWUYUH &, paclpepreAeHHOM Kak &, U 1), pacmpe-
AEAEHHOHU Kak 7).

AoKa3aTeAbCTBO HepaBeHCTBa KamAmHra. Bocmoabsyemcs paBerctsoMm P(C) = P(CNB)+
P(C'N B), a Tak>Xe TeM, YTO BEPOSITHOCTH [lepeceueHusi AByX COOBITHI He ITPEBOCXOAUT BEPO-
STHOCTU AIOOOTO M3 HuX. AAs Ato6oro MmHOXecTBa A C R

TO eCTb
Pe A)—P(ne A)<P(E+7).

[Momensiem MecTaMm £ U 1) M IOAYYHUM, 9TO AAST Afo60ro MHOXKecTBa A C R

[PeeA)— P(ne )| <P(i#7). O

3ariMeMcs 3apaHUEeM Ha OAHOM BEpPOSITHOCTHOM IIPOCTPAHCTBE BEAWUYMH U, U [i,, paclipe-
AEAeHHBIX KakK vV, U [, COOTBETCTBEHHO.

IMycth &4, .. .,&, — He3aBUCUMBIE CAyYaWHBIE BEAMYWHEI, UMeIolIye paciupepereHue bep-
HYAAU C TIapaMeTpoM p. Toraa mx cymma v, = &1 + ... + &, UMeeT OMHOMUAABHOE paclipepe-
A€HUe C mapamMeTpaMM 1 U p, TO eCTb OAMHAKOBO pPAaCIIpeAeAeHa C V.

IMycts m1, . . ., nm — HE3@BUCUMBIE CAYYaWHBIE BEAMYUHBI, UMelole pacupepeaeHue [lyac-
COHA C IapaMeTpoM p. Toraa ux cymma fi, = 11 + ... + 1, TakK’Ke HMeeT pacClpereAeHUe
[TyaccoHa c mapaMeTpoM, PaBHBEIM CyMMe IIapaMeTpOB CAaraeMbIX, TO €CTh Np, U OAMHAKOBO
paciupepeAeHa C (. Mbl OypeM CUMTATh, YTO OTHM HAOOPHL C.B. Cpa3y 3aAaHBl HA OAHOM
BEPOSITHOCTHOM TMPOCTPAHCTBE, U MO3>Ke MOCTPOUM HX.

Toraa, B CMAY HepaBeHCTBa KAIIAMHTA,

| P(vn € A) — P, € A) | <P(ﬁn¢ﬂn)=P<Z€i#Zm>.
=1 =il

3aMeTHUM Tellephb, YTO €CAM ABe CyMMBI C HEOTPUIIATEABHBIMU CAATaeMbIMU He PaBHBI APYT
APYTY, TO XOTs1 OBl OAHO CAaraeMoe B IIEPBOM CyMMe OTAWYAeTCs OT COOTBETCTBYIOIIErO CAa-
raeMoro B Apyro¥ cymme (unaue...). [TosaTomy

| P(vn € A) = P(un € A) [ <P (Z& # Zm) <P (U {& # 7h‘}> <Y P& #m).  (26)
=1 =1 =1 =1

B mocaepHEM HepaBEHCTBE MCIOAB30BAHO, YTO BEPOSITHOCTH OOBEAWHEHWs] He TMPEBOCXOAUT
CYMMBI BEPOSAATHOCTEN.

OcTaroCh Temepb TaK 3aAaTh HA OAHOM BEPOSTHOCTHOM IIPOCTPAHCTBE & U 1);, YTOOBI
MUHUMHU3UPOBATH P (&; # n;).
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[TycTb MHO’KECTBO IA€MEHTApHBIX UCXOAOB () eCTb n-MEepHBIY KyO, CTOPOHBI KOTOPOTO
— orpesku [0, 1] Ha OCsIX KOOPAMHAT, BEPOSTHOCTb €CTh IPOCTO Mepa Aebera, 3apaHHast Ha
o-anreOpe OOpeAeBCKMX MHOXKECTB.

Bom poBHo celiyac mom, Kmo NoAEeHUACS O HUX NpoYumame, 00axceH 06 3mom noxcasems!

To ecThb MBI Haypauy BBIOMpaeM TOYKYy w = (wi,...,wp) B KyOe, UAHU, YTO TO >Ke caMoe,
KaKAYIO U3 KOOPAMHAT w; BBIOMpaeM HayAauy W HEe3aBHCHUMO OT APyrux Ha [0, 1].
[TocTpouM AAST KaXKAOTO ¢ = 1,...,n IO w; CAydalHble BeAUduHE! §; = &;(w;) u 1; = n;i(w;) ¢

HY>KHBIMHM PacIpeAeA€HUSIMH, YTOOBI OHH, K TOMY K€, COBIIAAAAUN C OOABIION BEPOSATHOCTHIO.
TToAroxxUM

) =

0, ecam0<w; <1—np,
1, ecaml—p<w; <1,

Orta c.B. wumeer pacnpeperenue bepuyamu: P(§ = 0) = PO < w; < 1 —p) = 1—p,
PE=1)=Pl-p<wi<1)=p

CAY‘IafIHaH BeAWMYMWHA 7); AONKHA HMMETHh pacCIipepAeneHune HY&CCOH& C IIapamMeTpoMm p, TO
k

ectb pp, = P(n; = k) = % e mpu k = 0,1,2,.... CyMMa 3TUX BepOATHOCTe! paBHa 1,
IO3TOMY MOJKHO PasGUTh mom e cambiti 0Tpe3ok [0,1] Ha OTPe3KH, AHHA k-TO U3 KOTOPHIX
paBHa p, ipu k = 0,1,2,..., ¥ TOAOKUTE 1); = k, €CAU w; TPUHAAAEIKUT OTPE3KYy C HOMEPOM
k:
3 0, ecam 0 < w; < po,
1 17 €CAH Do ng <p0 +p17
2 - 2, ecaupo+p1 Swi <po+p1+p2
ni(wi) =
1
13 k,  ecam po+...+pp-1 < w; <po+t-...+pk,
2 < < 1 w; \
ARZ [ [Z ?
PRy Ty Ty
<
<

C O4YeBUAHOCTBIO, IIOAYYHUM C. B. C pacClipepeneHrneM HY&CCOHa:

Pni=k)=Ppo+...+pk—1 <w; <po+...+pk—1+pr)=pr, k=0,1,2,....

0 1

OTMeTuM, 4TO py = % e P = e P, AoKaxkeM, UTO P e”
e?>1—pupup>0. Yo

AeNCTBUTEABHO,
a) mpu p = 0 3HaYeHus1 PYHKIUH cOBMapaioT: e * =1—-0=1;
0) IpoOU3BOAHEBIE B HyAe YV e P 1 1 — p TakKe COBIAAQIOT (M paBHHBL —1)

B) pu p = 1 AeBag 4acTh GOAbIIe mpaBoit: e ! > 1 —1=0;
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r) dyHKIUA e P BBIIyKAQ (ee IPOM3BOAHASA OTpHUIl@TEAbHA BCIOAY), TaK 4TO KOCHYBIIHNCH
OAHAKABI IIPSIMOM 1 — p, OHa ee He IlepeKaeT HUTAEe, OCTaBasCh BCErAa OOABIIIE.

[MocMoTpuM, € KakoM BEPOSITHOCTBIO C.B. & U 7); He COBIAAAIOT. IOTO IIPOMCXOAUT IIPU
1—p<w; <eP—Haorom unrepBanre & =1, an; =0, a TakKe IpU w; = pg+p1 =€ P+ pe P
— Ha 3TOM uHTepBaie & =1, a n; > 2. [loaTomy

P& #m)=Pl-p<wi<ePmue?+pe? <wi<l)=
= (" =1=p)+ 1= (eP+pe?)) =p(1-eT) <p”

B nmocaepHeM HepaBeHCTBE MBI CHOBA BOCIIOAB30BAAUCH TeM, uTo e P > 1 —p, uau 1 —e P < p.

HNtak, npu Ka>xkpoM ¢ = 1,...,n MBI HOCTPOMAHU Tapy C.B. &;, 7);, OTAMYAIOIIUXCS C Be-

POSITHOCTBIO He Gonee p?. [IpH pas3HBIX ¢ OTU C.B. HE3aBUCHUMEI, TaK KaK IIOCTPOEHHI IO

He3aBUCUMBIM KOOPAMHATAM TOYKH, BHIOPAaHHOM Haypaudy B KyOe. OKOHUYaTeABHO, M3 Hepa-
BEHCTBA (26) MOAYyYHM:

| P(vn € A) = Plun € A) | <Y P (& # m) < np.
=1
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IIpurokeHne. 3HAKOMbTECh — MAaKCHMYM U
MHUHUMYM

B aToM paspene, KOTOPBIM HUKOTAQ He OyAET IIPOYUTAH Ha AEKIUIX, XOTS OBl IIOTOMY, 4YTO
3Ta TeMa MOAPOOHO pa30bmpaeTcs Ha IPAKTUUYECKUX 3aHATHSAX, MBI IOTOBOPHUM O «MaKCHUMyMe
U MUHHUMYMe U3 1 CAyYaMHBIX BEAMYUH». BAYMUYNBEIN UMTaTeAb y’Ke CMOT AOTapaThCs, 4TO K
KAyoy «Makcumuna» 9@ HIY panHasa TeMa KacaTeAbCTBa He MMeeT.

IMycte c. B. &1,&,...,&,,... HE3aBUCUMBI U OAMHAKOBO pacHpeApereHBl, Fy (r) — ux
o0mas QyHKIINS paciopeAeAeHU.

Omnpepenrenne Ne N. CAyualiHyIO0 BEAUYUHY ¢, = max{{1,...,§,} HAa30BeEM MaAKCUMYMOM,
a CAyYaMHYIO BeAWuuHy ¢, = min{&i,...,&,} — MuHumMymom w3 n CAyYaHBIX BEAWYUH
£1a§25"'7§n-

3ameuyanue Ne N. 3aMeTHM Ha BCSIKHH CAydYad, 4ToO ¢, (w) = max{{(w),...,& (w)}, Tak

YTO ¢, Ha Ka’KAOM SAEMEHTAapPHOM MCXOAE COBMIAAAeT ¢ 00HoU u3 &;, 1 < i < n, HO HU C 00HOU
U3 HUX He COBMAAAeT npu Bcex w (eCAM C. B. HE3aBUCUMBI).

Vopaxaenue Ne N. AokazaTh, YTO BEPOSATHOCTb MAaKCUMYMYy U3 IEPBBIX 1. HE3ABUCUMbIX
U 00uHaKkoBo pacnpedesneHHbIX CAYYAWHBIX BEAWYWH, MUMEIOIMNX, K IIPUMepY, PaBHOMEPHOe
pacIpeAeAeHre, PaBHATLCS II€PBOM U3 HUX (MAHM AIOOON APYTO#), ecTb 1/n:

! :P(€1 >§27"‘7§1 >§n)7

n

P(max{fl, 0oo a&n} = gl)

TO eCTb «B CpPeAHeM B 1/n cAyyaeB MaKCHMyM COBIIAAQET C BHIOPAHHOM BaMU Ccpepu &1, ...,&,
BEAMYMHOWY.

AAST AOKa3aTeAbCTBA BOCHOAB30BaThCS COOOpa)kKeHUSIMM CHUMMETPHUH, Pa30uB BCe MpPO-
CcTPaHCTBO () Ha HE(CKOABKO?) PpaABHOBEPOSTHBIX COOBITHU THHA {§ > &2,...,& > &} u

HECKOABKO COOBITUM HYAE€BOM BEPOSTHOCTY, BKAIOYAIOIIMX BO3MOJKHBIE paBeHCTBa. Bcrmo-
MHUTB, C KaKOH BEPOSTHOCTBHIO ABe (MAM OOAbINe) u3 {&;} COBIAAQIOT (HAPUCOBAThH COOBITHE
{&1 = &} B KBappaTe Ha IAOCKOCTH).

Aemma Ne N. @yHKyuu pacnpegeieHusi CAYYQUHbIX BEAUYUH ¢, = max{{i,...,{,} U
¥y, = min{&y,...,&,} paBHBl, coomBemcmBeHHO,

Fu ()= (Fg(2)" u Fy (z)=1-(1-F(z))"

AokazaTeabcTBO. HatipeMm dyHKIuio pacnpepenenus F, (z). MakcumMyMm u3 n BeAWYHH
MEHbIIIe T TOTAQ ¥ TOABKO TOTAQ, KOTAQ Ka’kKAasl M3 3TUX BEAWUYMH MEHBbIIe 2.

He3aBuc.

Fo,(z) = P(max{¢,....,&} <) =P <z,....6n<z) =

o0g.pacnpeg.

= P(a<z)-...-P(&u<z) = (P(él < w))n = (Fe (2))".

Hatipem dynakiuio pacupeperenus: Fy, (). MUHUMYM U3 n BeAUYUH HE MEHbWE T TOTAQ
U TOABKO TOTAQ, KOTAQ KaykKAAsl U3 OTUX BeAMYMH He MEeHbIIIe T.
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Fy. () = P(min{&,...,&} <z) =1-P(min{&,...,&} > 2) =
= 1-P&G2z,.... 6 22)=1-P22)-...- P&, >2) =

— = (P(fl>$)>n=1—(1—F§1(I))n. O

ITpumep Ne N. [Ilycts c. B. &1,&2,...,&,,... HE3aBUCUMBI U HMEIOT PaBHOMEpHOEe
pacupeaeneHre Ha orpeske [0,1]. AokaXkeM, UYTO IIOCAEAOBATEABHOCTH C. B. ¢ = &,
w2 = max{&1, &}, ... pn = max{&,... , &} ... CXOAWUTCS IIO BEPOSITHOCTH K IIPABOMY KOHILY
orpe3ka — K 1. He ymnorpebOasiga TEpMUH «IIOCA€AOBATEABHOCTBY», MOJKHO IIPOU3HECTU 3TO

YTBepXXAeHUEe TaK: «MAKCUMYM M3 IIePBLIX N CAY‘{afIHBIX BEAWYMH C POCTOM 7Tv CXOAUTCA K
CAVHUIIEe II0 BEPOATHOCTHU».

EcTh Kak MHUHUMYM ABA criocoba AOKA3aTEeAbBCTBaA:

Crnoco6 1. ITo onpepeaenuso. ITyctb € > 0. Hatiaem P(|p, — 1| > ¢). 3amerum, uto ¢, < 1,
IIOCKOABKY 9TO MaKCHMYM U3 C. B., IPUHUMAIOIINX 3HaUeHHs Ha oTpeske [0, 1] (kpaitHssa
IIpaBas M3 «KOOPAMHAT 7 TOYeK, OpOIIeHHBIX Haypady Ha [0,1] He3aBUCHMO APYyT OT
Apyra»). IToaTomy

P(lon —1] >€) =P(1 - > ¢)

AAST TOTO, YTOOBI YCTAHOBUTEH CXOAUMOCTE TTOCAEAHEN BEpPOSTHOCTH K HYAIO, MOKHO ee
AMOO0 HaWTH, AUOO OIIEHUTH C MOMOIILIO HepaBeHCTBa HeOniméra (MapKoBa).

1(a). HaiipeM 3Ty BEpPOSITHOCTb.
Pl—gn>e)=P(l—e>¢,) =P(pn<1—¢)=F,, (1-¢).

AAST paBHOMEPHOTO paclpepeAeHus Ha oTpeske [0, 1]

0, z<0; 0, x<0;
Fe(x)=4x, 0<z<1 moatomy F, ()= (Fg(z)"=<2" 0<z<1
1, z>1, 1, x>1.

A ecan errle 3aMeTUTB, UTO 1 —e < 1, TO

0 1—e<0, TO €cThb € > 1;
Plon—1| > €)= F, (1—e) =4 ’ ’ 0
(’@n | E) on ( €) {(1_6)", 0<1—-e<1, Toecth 0<e<1 —>

Ipu n — oo.

1(6). OueHuM BepoSITHOCTH CBepXy. I[ToCKOABKY 1 — ¢, > 0, 0 HepaBeHCTBY MapKoBa

Pl—pn>e) g o) _1-Eon
g S

(27)

HartipeM TIAOTHOCTH paclpepeAeHusd C.B. ¢, U MaTeMaTuieckoe oxupanue E o).

0, z < 0; 1
fwn(x):(F@n(iU)),: nz" 1, 0<z <1 EQOn:/xnx”_ldx: le
n
0, x> 1 0

INopcTaBasiI MaTeMaTUYECKOE OJKUAAQHHME B HEPABEHCTBO (27), IOAYYUM

n
1— —°
1_E90n n+1 1
P(1 - >¢) < = =
(1=¢n>2) € € (n+1)e

— 0 opu n — oo.
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Cnoco6 2. Vicmoab3yeM CBSI3b CO CAA0O0I1 CXOAMMOCTBIO. CXOAUMOCTL TIO BEPOSATHOCTU K
KOHCmMaHmMe PaBHOCUABHA CAA0OM CXOAUMOCTHU (CBOUCTBO 19). AoKa’keM IIO3TOMY, UTO
n CAADO CXOAUMTCA K epmHHUIE. TpeOyeTcsa AOKaszaTh, YTO (PYHKIUSA PACIpPEAEACHUS

F,, () cxopures K Fi(xz) = P(1 < x) Arst aroGoro x # 1 (novemy kpome 1?7).

ITpu Ato6oM z # 1 umeem:

0, x<0; 0 <l
T x
F, (x)= "0zl — Iz = ’
@ =1am 0<a =107
1, z>1

U TOABKO IIpM = = 1 cxopmMocTH HeT: Fy, (1) =1, Toraa Kak Fi(1) = 0.

Takum o6pa30M, ®n CXOAUTCA cAabo K eAVHUIlE, U, CAEAOBATEABHO, CXOAUTCS K HEU Ke
II0 BEPOsATHOCTH.

Vopaskaenne Ne N+1. Aoxkaszath (cmocobamu 1(a), 1(6) u 2), 4To, B YCAOBHUSAX IpUMepa
N, IIOCAep0BaTEABHOCTD 1,12, ..., Yn,... CXOAUTCS IIO0 BEPOATHOCTU K HYAIO (MBI OyaeM
TOBOPUTH «MUHUMYM W3 IMEPBBIX 1 CAYYAaWHBIX BEAWYMH C POCTOM N CXOAUTCS K HYAIO TIO
BEPOSITHOCTMY).

KpaCI/IBbIX 3adA4d4, CBSA3AHHBIX C MAaKCHUMyMOM W MUHHUMYMOM, CAWIITKOM MHOTO. Hpema-
T'al0O BaM pelInTh, HalIpuMep, CACAYIOoIIne:

IMycts c. B. &1,&2,...,&,,... HE3aBUCUMBI U MMEIOT PaBHOMEPHOE pacIpepereHHe Ha
oTpeske [a,b], ¢, = max{{,..., &} ¥ = min{éy, ..., &, }. Aokasarth, 4TO

n
1) b—(b — p) OIPH N — 00 CAA0O CXOAUTCSI K IIOKAa3aTEABHOMY PACIPEASAEHUIO C Iapa-
MeTpoMm 1;

(wn - CL);

2) TOYHO Tak Xe cebs BEAeT IIOCAEAOBATEABHOCTD
—a
3) 3TO He YAUBUTEABHO, IOCKOABKY C.B. b — ¢, U 1, — @ OAMHAKOBO PACIIPEAEAEHHI;

n o
4) mocumTaB BepOSTHOCTH P(¢, = z, ¢n < y) = (P(z <& <y))", MOXHO AerKO HaWTH
(PYHKI[HIO COBMECTHOTO PACIPEACACHUS C. B. 1, ©n, U C €e TOMOIIbIO, HallpuMep, AOKa-
3aTh 3aBUCUMOCTB 3THX C.B. (IOCAGAHEe M TaK OYEBHMAHO, He IpaBAa AM?)

Teneps, HaKOHET],

ITOPA N3YUATb MATEMATUYECKYIO CTATUCTHUKY!

97



http://www.nsu.ru/mmf/tvims/chernova/ms/index.html

[1]
[2]
[3]
[4]

[3]

[6]

[7]

PekoMeHAyeMass AUTEpaTypa

I'megenxo b. B. Kypc Teopum BepogaTHOcTeln. M., 1988.
YucmsakoB B. II. Kypc Teopuu BeposTHOCTel. M., 1982.
BoposkoB A. A. Teopusa BeposiTHOCTer. M., 1986.

Koaemaen B. A., KaaunuHa B. H. Teopus BeposITHOCTEYW U MaTeMaTUdecKas CTaTHUCTUKA.
M., Nadpa-M, 1997

Ha IIPAKTUYECKUX 3aHATUAX HOTpe6yeTC$I 3dAQYHHK!

KopwiynoB A. A., @occ C. I COOpHUK 3aAa4 W YIIPaKHEHUHN IO TEOPUU BEPOSITHOCTEMN.
Hosocubupck, 1997.

AAST caMOCTOSAITEABHONM PabOThI MOJKHO MCIIOAB30BaTh TaKykKe 3aAQUHUKM C OTBETaMH U
YKa3aHUSIMU:

CeBacmpbanoB b. A., Yucmsakos B. I1., 3ybkoB A. M. COOpPHUK 3apa4 IO TEOPUU BEPOST-
HOCcTeu. M., 1986.

Benmueab E. C., OBuapoB A. A. Teopusi BeposiTHOCTel (V30paHHBIe TAaBbI BBICIIEH
MaTEMAaTUKU AATI WHXXEHEPOB U CTYA€HTOB BTY30B, 3aAQ4M U yIpaxHeHud). M., 1973.

98




	Classic probability
	Combinatorics
	Events and their probabilities

	Geometric probability
	Definition
	Meeting problem
	Buffon needle
	Bertrand paradox

	Axiomatics of probability
	Sigma-algebra
	Probability measure
	Lebesgue Measure

	Conditional probability, independence
	Conditional probability
	Independence
	Total probability law
	Bayes' rule

	Bernoulli trials
	Number of successes
	Most probable number of success
	First success
	Limit theorem for hypergeometric distribution
	Polynomial trials
	Poisson limit theorem

	Random variables and their distributions
	Random variables
	Discrete distributions

	Distribution function
	Properties of distribution function

	Continuous distributions
	Examples
	Properties of Gaussian distribution

	Random vectors and their distributions
	Properties of joint distribution function
	Classes of joint distributions
	Independence of random variables

	Transformations of random variables
	Transformations of a single random variable
	Transformations of two random variables
	Convolution formula

	Quantitative characteristics of random variables
	Expectation
	Properties of expectation
	Variance
	Properties of variance
	Expectations and variances of main distributions

	Measures of dependence of r.v.
	Covariance
	Coefficient of correlation
	Properties of correlation coefficient

	Convergences
	"A.s." and "in probability" covergence
	Chebyshev inequalities
	LLN (Laws of Large Numbers)
	Examples

	CLT (Central Limit Theorem)
	Rate of convergence in LLN
	Weak convergence
	CLT (Central Limit Theorem)
	Moivre - Laplas limit theorem
	Examples

	Characteristic Functions
	Examples
	Properties of characteristic functions
	Proof of Khinchin's LLN
	Proof of CLT

	Proof of Poisson approximation
	Appendix: Max & Min

